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Summary
Metallic bellows convolutions are often treated as general 
axi-symmetric shells of revolution. However, the ir geometric 
properties, methods of manufacture and application render them uniquely 
d iffe rent in behaviour to other shells of revolution. This is partic ­
ularly so in metallic bellows made up of m ulti-ply convolutions.
This thesis examines the geometric properties of m ulti-p ly bellows 
which have hitherto been generally unexplored, and then
develops a theory based on idealised geometric properties using
■i,
expected load application methods. Digital computer programs SAMBA1 
and SAMBA2 are developed using the quadrature formula of Simpson's 
rule which solved the d iffe rentia l equations which resulted from the 
energy methods of solution. An experimental verification of the 
theory is presented and design forms given which contain design 
equations derived from computational parametric analysis of the 
effects of the governing geometric parameters on the elastic stresses 
due to the various modes of loading on the convolution. Some out­
standing problems in bellows application -are examined and methods 
of solution suggested for each problem discussed.
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Chapter 1
Introduction
When the temperature of a body changes, i ts  volume and hence 
i ts  characteristic  dimensions change. In some cases, this can be 
advantageous, as when temperature change is employed to achieve
interference f i t  between two concentric cylinders. Generally, 
however, the expansion and contraction of pipework and other
pressure vessels with change in temperature is an e ffec t which has 
to be compensated in the design of the equipment. This provision in 
the design of the equipment is particu larly  important in , for 
example, steel works, chemical plants and heat engines, where
temperature changes may be considerable. In addition, hot flu ids  
frequently have to be moved from one point to another in a plant, 
creating the need to allow for expansion and contraction of the 
pipework carrying the f lu id .
Bellows expansion jo in ts , the subject of this thesis, are being 
increasingly used to accomodate thermal movements and misalignments 
in pipework as against the trad itional expansion loops. The bellows
expansion jo in t  is made of a corrugated cylinder or, sometimes,a
o
crrugated rectangular section. There are a variety of corrugation
A
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shapes and some of these are shown In figure 1. The choice of 
convolution shape depends on the particu lar application and on th is ,  
advice may be sought from manufacturers.
The work presented in this thesis is en tire ly  on U-shape 
bellows expansion jo in ts  and w i l l ,  therefore, be referred to 
henceforth without the term U-shape. The various shaped 
convolutions have th e ir  advantages as shown in table 1 below and 
th e ir  preference, therefore^ depends on the ir  intended use.
V-shape Omega Rectangular U-shape
Figure 1. Commonly used convolution shapes.
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Table 1. Properties of commonly used convolution shapes.
Shape Stiffness ^Possible sizes Common sections 
(mm)
Omega Very
f le x ib le  
Rectangular S t i f f
Flexible
Very
fle x ib le
All sizes
All sizes
< 3000
< 100
Rectangular
Rectangular 
& Cylindrical
Cyl ind nca!
Rectangular
& cylindrical
*  These are recommended size l im its .  U-shape bellows starting  
cylinder become d i f f i c u l t  to handle on the curent forming machines 
as the diameter gets large. V-shape bellows are used mainly as 
seals and are usually fabricated from conical or pyramidal discs 
which are edgewelded to produce the V-shape and this current 
production technique proves increasingly d i f f i c u l t  for larger  
diameters.
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1.1 Aims and objectives
The author was employed by Messers Vokes Limited during the
period of October 1980 to February 1986. During this time i t  became 
clear that there was very l i t t l e  understanding of the behaviour of 
m ulti-ply toroidal expansion bellows. In particu lar, i t  was noticed 
that what l i t t l e  understanding there was remained a matter of 
speculation based on a limited collection of experimental and 
semi-empirical equations contained in the widely used Expansion 
Joints Manufacturers Association's [4] (EJMA) standard on the design 
and application of bellows. I t  is generally accepted, particu larly  
since the Flixborough disaster involving bellows, that i t  is 
important for these units to be properly designed to meet specific  
design requirements, not only from a financial standpoint, but also 
from a safety aspect. I t  is generally believed that multi-ply  
bellows are suitable for high pressure applications without 
necessarily incuring the increase in stiffness associated with the 
required increase in thickness. Hitherto, there has been no 
entire ly  theoretical explanation of why this should be so. 
Available theoretical analysis of multi-ply bellows does not
correctly re f le c t  the unique difference in the ir  characteristic  
responses to axi-symmetric and pressure loads. The author has
carried out an extensive theoretical analysis of the toroidal 
expansion jo in t  in order to obtain stresses which can be verif ied  by
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a carefully  conducted experiment. Even i f  the current design 
procedures are satistactory for commercial purposes, the fact that 
bellows are now being used in the aerospace and nuclear industries 
and in defence makes the a v a i la b i l i ty  of a sound theory important. 
This study aims to f u l f i l l  that objective by extending the theory 
presented by Clark [3 ] .  Experience in an industrial environment
shows that engineers prefer the use of design formulae to extensive
charts for stress calculations in predicting product performance. 
This thesis contains design formulae for the relevant stresses
obtained through parametric analysis of a set of equations which
were, themselves, derived in accordance with the conservation of 
energy in a loaded shell of revolution. The thegretical analysis is 
thus essentially an e lastic  analysis since in the plastic range, 
only the fatigue characteristics of the bellows is important. 
Moreover, bellows manufacturers have methods of modifying the 
elastic  formulae for use in predicting fatigue characteristics, a
procedure which w il l  be recommended here. This aspect w ill  be fu l ly
’<n
dicussed chapter 4. The design formulae that are presented w ill
• A
cover axi-symmetric loads and internal pressure and w i l l  be applied 
in the design of a prototype bellows which w il l  follow a design 
procedure developed in this thesis.
In general, bellows fa i l  in fatigue at the root or crown 
depending on the manufacturing technique used. Clearly therefore, 
measurements of strains in these positions are adequate for use in
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verifying the theoretical stresses. Moreover, access d i f f ic u l t ie s  
make i t  p ractica lly  impossible to correctly locate strain gauges at 
other points away from the crown and root of the convolutions.
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1.2 Special features of m u lt i -p ly  bellows
M ulti-p ly  bellows expansion jo ints  have been manufactured 
alongside single-ply bellows since expansion jo ints  became 
commercially produced in the early 1940's. The f i r s t  motivation in 
the design and manufacture of m ulti-p ly bellows was probably the 
re la tive  ease with which they were formed (termed form ability) in 
comparison to single ply versions of the same shape and size but 
having a thickness equal to the total thickness of the m ulti-p ly  
bellows. A l ik e ly  procedure then, would have been to establish the 
thickness required to give an acceptable stress level for the 
expected maximum working pressure. In the absence of any rational 
verif ica tion  procedures, the available machines were used to form 
the bellows in single-ply. I f  the machine is unable to form the 
bellows, recourse is made to the rather more expensive m ulti-p ly  
bellows of the same shape and total thickness.
This trad ition  s t i l l  survives in some form amongst bellows 
manufacturers to this day. With the subsequent ava ilab ilty  of the 
H. Reissner -  Meissner equations and a ll the other equally 
important works by Anderson [5] &[6], Clark etc. [3 ] ,  there was a 
new and more important reason why m ulti-p ly  bellows were to be used 
in preference to single-ply ones. This new and overiding advantage 
l ies  in the difference in the fatigue strength of the two.
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Supported by substantial experience in testing and manufacture, 
manufacturers currently use semi-empirical formulae available in the 
EJMA standards in the design of single-ply and multi-ply bellows of
various shapes and sizes. Appendix A shows the EJMA analysis of a
3-inch single-ply and a 3-inch two-ply bellows, of the same shape 
and total thickness, subjected to an axial movement of 1.524mm over 
th e ir  entire 10 convolution span. The results of fatigue strength 
estimates show that on the f i r s t  stage of multiplication of the
basic single-ply bellows in this analysis, the number of calculated 
l i f e  cycles is 5.4 times more for the two-ply than the single ply 
version.
Furthermore, the results in Appendix A show that the spring
rate of the bellows expansion jo in t  is vastly reduced by the use of 
two-ply bellows in preference to the single-ply. In very simple
terms, bellows are insta lled  between two fixed points (called  
anchors) in a pipeline, pressure vessel or sim ilar in s ta lla t io n . In 
the absence of a compensating bellows any change in length between 
two such anchors, usuaTiy— iirs--tal4ed===4^
results in high d if fe ren tia l stresses which may have catastrophic 
consequences. The in s ta lla tion  of bellows units has the e ffec t of 
absorbing any thermal growth or mechanical mi sal i c j n m e Y i t .  The 
application of bellows, therefore, means that cheaper and easier
anchors can be designed which then only need to take the spring
forces and pressure thrusts due to the bellows.
page 8
A bellows unit comprises a bellows, end connections for 
in terfacing with host structural systems and any necessary 
structural re s tra in t  mechanism. The bellows is manufactured from a 
sheet development (figure 2 (a)) which is rolled into a cylinder and 
suitably welded. A single ply bellows w il l  be produced from one 
such cylinder while a multi-ply bellows w il l  be produced from a 
number of such concentric cylinders as required for the desired 
number of p lies . The bellows is then formed in an appropriate 
forming machine. Once formed, the bellows cuffs or tangents are 
then trimmed to the required length or lengths for dissimilar cuffs. 
Single ply bellows are ready at this stage for welding to end 
connections. For the m ulti-p ly bellows, the cuffs are seamwelded to 
hold the plies together and prevent d if fe re n tia l distortion of the 
plies while being welded to end connections. Furthermore, a l l  but 
the innermost ply are d r i l le d  between the cuffs' seamweld and the 
the f i r s t  convolution to vent interply voids. This measure is a 
necessary step to f a c i l i ta te  detection of possible cracks in the 
innermost ply during pressure testing. Only then is the m ulti-p ly  
bellows ready to be welded to the required end connections. I t  is 
sometimes necessary to seamweld an additional ring over the cuffs of 
a single ply and some m ulti-ply bellows i f  i t  is thought that the 
cuffs are not thick enough to be welded to end connections.
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•H
Developed
length of bellows
Developed
convolution
length of bellows 
convolution
Bellows
(a) Developed 
sheet metal.
(b) Developed 
cylinder.
(c) Formed 
bellows
Figure 2. Bellows forming.
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(a) Bellows’ cuff attached to 
flange bore with single-run 
weld.'Inadequate penetration 
may result as shown.
(b) Bellows’ cuff attached to 
Outside of pipe. Inadequate 
penetration may also occur 
but may be repaired if 
necessary while host plant 
is running.
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(c) Bellows' cuff attached to 
flange bore with 
multi-pass (or multi-run) 
weld. Inadequate penetration 
of weld is minimised.
&
(d) Disc ended bellows' cuff 
combined with split 
flange removes the need 
for attachment 
weld.
Figure 3 - Methods of bellows attachment.
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All bellows are inspected for cracks before being packed as the 
forming process is a cold working process which sometimes results in 
the material developing cracks due to e ither too rapid or excessive 
thinning. While this important step is possible with the single ply
bellows by the use of dye penetrants before welding to end
connections, i t  is currently not possible with the multi-ply bellows 
without the need for a scanner. The crack detection in m ulti-p ly  
bellows is often deferred until the pressure tes t, at which point 
the end connections are welded on. This means that costly scrapping 
and/or salvaging w i l l  have to be made i f  cracks are found. Some
bellows users may specify the non-destructive testing of a l l  welds. 
This requirement poses no particu lar problem with isolated welds 
such as circumferential and longitudinal buttwelds. However, no 
re liab le  non-destructive technique has been developed for the 
inspection of internal f i l l e t  welds such as shown in figure 3(a) and
(c) which are commonly used for bellows attachment. Whenever 
conventional non-destructive testing techniques are used for the 
arrangements in figures 3(a) and (c) i t  requires the careful 
judgement of an experienced welding engineer to correlate the
results with the relevant standards which may be specified. I t  is 
not suprising that many bellows have been known to fa i l  prematurely 
in these f i l l e t  welds since inspection techniques were unable to 
detect the inadequacy of such welds. This risk is obviated by the
arrangement suggested in figure 3(d) which employs the use of the 
s p l i t  flange and vanstone end.
page 14
There are, however, some notable disadvantages of the m ulti-p ly  
bellows in comparison with i ts  single-ply version. One of these is 
the problem of s ta b il i ty  under pressure. All the theoretical and 
experimental predictions of column in s ta b i l i ty  of the two types show 
that there is loss of structural s ta b i l i ty  i f  m ulti-ply bellows are 
used in preference to single-ply versions (see reference 4 ).
Another very important disadvantage is encountered during 
manufacture. Premature fa ilu res  have been observed in m ulti-ply  
bellows in service caused by inadequate weldment to end f i t t in g s .
Attaching bellows to end f i t t in g s  is currently a slow welding 
process and a single pass is often used. As the weld penetration 
can not reach sharp corners, some plies are inevitably not picked 
up, leading.eventually to fa ilures  at attachment welds in service! /n
WeldcR'fcte such as that shown in figure 3b can often remain 
undetected at the inspection stage because of the d i f f ic u l t ie s  of 
obtaining a. re liab le  X-ray or any other non-destructive inspection 
of such jo in ts . One very expensive way of overcoming this problem 
is  the use of many weld passes in achieving the necessary weld size 
with as l i t t l e  as two plies being picked up at each pass. I t  often 
means that as much as 6 passes may be necessary to attach the 
commonly used 4-ply bellows in this way. There are various 
solutions to this problem and some have been given in figure 3. The 
method shown in figure 2d is probably the best way of overcoming the 
problem of the often defective weld attachments. This arrangement 
does away with the attachment welds of figures 3a-3c and the need
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for X-ray inspection of any attachment welds that may otherwise be 
the case. The flanges are produced in two halves and although the 
production of the bellows ends would invariably require aditional
tooling, i t  soon becomes more economical .
All the above properties interact and the current procedure in
industry involves a careful judgement on the part of the designers
and purchasers of bellows expansion jo in ts  in establishing which 
version to opt for and how many plies are possible.
page 16
1.3 L ite ra tu re  Survey
The e a r l ie s t  work of material relevance to this research was 
done by Dahl [7 ] ,  as early as 1953. In this paper, Dahl presented 
the analysis of shells of revolution for the stresses and strains  
due to axi-symmetric loads using the complementary strain energy 
method. By starting from the equilibrium of an element of the
shell, Dahl showed that the magnitude of the membrane stresses
becomes in f in i te  at points in the shell where there is a change in
the sign of one of the principal rad ii of curvature (see figure 4 ).
-r
Axis of bellows
Figure 4. Points of analytical singularity  
in aA-shape convolution.
This singularity problem was also encountered by Tsui [8] when he 
applied the governing simultaneous d iffe ren tia l equations of the
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general axi-symmetric loading of shells of revolutions to the 
U-shaped bellows, though not in quite the same v/ay as Dahl. Tsui 
found one of the principal radii of curvature to be in f in i te  at the 
boundary between the crown and the annulus and between the root and 
the annulus. Since i t  is easier to handle in f in i te  quantities when 
they appear as denominators, Tsui produced a change of variable in 
the resulting equations which made this possible. Dahl hov/ever, 
handled this s ingularity  by introducing radial shear forces to carry 
the loads in the v ic in ity  of the s ingularity . Both authors produced 
acceptable results. Anderson [5] & [6] however, did not encounter 
the same problem when he chose the tangential stress resultant 
vector in such a way that i t  had no component paralle l to the axis 
of the bellows. This means that he to£>k the radial distance 
' r °  as one of the principal radii of curvature. Anderson's results 
are s t i l l  in use in some form in the current issues of the EJMA 
standard which is widely used in industries. All three cases imply 
that minor modifications are possible in the basic shell equations. 
These modifications appear to contradict the assumptions on which 
the equations were derived when dealing with convolutions where the 
ra tio  of the outside diameter to the inside diameter is near unity.
Dahl's contemporaries sought to obtain solutions to the H. 
Reissner-Meissner equations which are daunting without the use of 
d ig ita l computers. Lack of computer fa c i l i t ie s  brought about 
recourse to asymptotic solutions. The correct expressions for the
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strain energy in toroidal-shells  are ju st as daunting and l ik e  his 
contemporaries, Dahl introduced truncated sinusoidal series with 
variable coeffic ients in his strain energy method to make them 
easier to handle. He then minimised the total strain energy with 
respect to the variable coeffic ients. Once the coefficients were 
determined in this way, i t  became a matter of back-substitution to 
obtain the stress resultants and strains.
J. F. Lestingi [1 ] ,  in the early stages of his work has used 
the capability  of the program MOLSA (M ulti-layer Orthotropic Linear 
Shell Analysis) in an attempt to develop a simple theoretical model 
of m ulti-p ly bellows under both axi-symmetric and pressure loads. 
Lestingi's approach, which is very relevant to this work, was based 
on information obtained during a Jp>m(;minarv/ l i te ra tu re  survey at the 
preliminary stages of his work. In his survey on the a rt  of bellows 
and diaphragm design and manufacture, i t  was reported that at low 
pressures, the plies of m ulti-ply bellows moved re la t iv e ly  
independently, but at su ff ic ien tly  high pressures, the plies  
"lock-up" and they behave more l ike  single-ply bellows having a 
thickness equal to the total thickness of the p lies . Lestingi 
e t .a l .  therefore developed m ulti-layer shell models having the same 
shape and equivalent membrane and bending stiffness as the ir  
corresponding 3-inch two-ply and 1-inch two-ply bellows units. The 
m ulti- layer model chosen to represent the two-ply was a three-layer  
sandwich shell with layers of equal thickness. A f ic t i t io u s  value
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was chosen for the Young's modulus of e la s t ic ity  for the d iffe rent  
layers, to adjust the stiffness of each m ulti-layer bellows model. 
This was done so that the model would have the same spring rate and 
stresses as the corresponding values determined by experiments for 
the prototype bellows of in terest. He hoped this would permit 
f l e x ib i l i t y  in the analysis procedure, so that i t  could be applied 
to the case when the two plies were completely locked together. He 
also hoped to be able to account for some expected amount of 
f r ic t io n  in the various stages of axi-symmetric loading.
Sections through the prototype two-ply 3-inch and 1-inch 
bellows were examined to ensure that the shape of the section was 
identical to that of the corresponding one-ply bellows. The
variations of thickness at given locations were checked and shown to 
be invariant with the forming process. I t  was also confirmed that  
the forming process had produced the same thickness variation in the 
two-ply bellows as in the corresponding one-ply bellows. However, 
Lestingi noted that the plies of the 3-inch bellows were
s ign ificantly  separated over much of th e ir  length, while the plies  
of the 1-inch were quite close together. I t  is important to note at 
this point, that from his report, this observation s ign ificantly  
affected his l ine  of thought, perhaps wrongly, because i t  is
possible that the apparent separation may have been due to the
process of sectioning. Since the developed length of convolutions, 
in general, increases with increasing nominal size of the bellows in
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the small bore region, the process of sectioning would most 
certain ly aggravate the separation of the p lies . However, he 
reasoned that this apparent separation could be crucial and could 
permit an evaluation of the effect of ply separation. Following 
these observations, he decided that the geometries of the one-ply 
bellows were su ff ic ien tly  accurate to be used for the geometries of 
the two-ply beilows.
In Lestingi's theoretical analysis, the m ulti-p ly shell was 
assumed to have the same membrane r ig id i ty  as "k" times the membrane 
r ig id ity  for a one-ply shell of the same total thickness, where 'k c 
is an empirical factor lesser than 1. The e ffec t of sliding  
f r ic t io n  was to be incoporated in the value chosen for k. I f  the 
plies were free to slide, the value of k was 0.25, while for for
completely locked plies the value of k was taken as 1. However,
subseque-nt measurements showed that the f r ic t io n  e ffec t  is not
sign ificant. He noted that the results of calculations and tests
showed that ply interaction w ill not normally occur during axial 
deflection, because both plies tended to act as though they were 
individual bellows and deform in the same manner. The 
non-interactive behaviour of the plies pointed out here is crucial 
and salient to the current work. These plies vary in the ir  
fundamental dimensions and as the results would show la te r ,  these 
basic dimensional differences result in f in i te  but s ign ificant  
differences in the ir  behaviour under axi-symmetric loads. In
page 21
effec t, two s lightly  d iffe ren t bellows are being considered.
I t  would seem that in his work, Lestingi has over-emphasised
the e ffec t o f interaction between the plies and the possible load
transference between plies , so much so that the resulting analytical
procedure has become too complicated to be practica lly  useful. Even
in his semi-empirical procedure using the MOLSA code, he concluded
that the results of strains and deflections as predicted through the
mathematical model for the two-ply bellows did not compare with
experimental results, and decided not to publish the results. He
pointed out that values of strains and deflections as predicted by
his theory were higher at the crown and at the root than shown by
his experimental results. I t  should be pointed out here that the
level stresses at the root and crown of the convolutions are very 
A
important, since most bellows w ill  fa i l  a t the root under 
axi-symmetric deformations -while fa i l in g  at the crown under pressure 
loads. Lestingi also observed that, on sectioning possibly with 
imposed axial movement, there was a considerable gap between the 
plies near the crown, and he argued that this may have reduced load 
transference between the inner and outer p lies . More important was 
the discovery that the values of strains and deflections predicted 
for the 1-inch model bore resemblance to the observed experimental 
figures. He attributed this agreement to a choice of k which gave a 
better reflection of the closeness between p lies . He concluded that  
the experimental data obtained for the 3-inch and 1-inch two-ply
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bellows did not quite agree with those predicted by the mathematical 
model. He also concluded that the interaction between the plies and 
i ts  e ffec t on the behaviour of m ulti-p ly bellows is considerably 
more complex than he has presented. Lestingi added that the models 
do not exactly explain the observed behaviour. He pointed out that 
a more representative model may eventually be possible and a better  
theory developed. His recommendation that m ulti-p ly bellows under 
pressure loading should be analysed as though i t  were a single-ply  
bellows of the same shape and thickness of one ply, is possibly -a- 
eatrse~~of/  the poor results achieved. On the contrary the current 
design manual produced by EJMA presents the assessment of m ulti-p ly  
bellows as a model having the mean meridional p ro fi le  of a l l  the 
plies . The EJMA model has the flexure r ig id ity  o f  n times the 
flexure r ig id ity  of the same model having the thickness of one ply. 
I t  is important to point out that the design formulae presnted in 
the EJMA standards are similar to those presented by Anderson [5] & 
[6] who developed a theory for a single ply bellows. Therefore, the 
equivalent formulae for the m ulti-ply version may have been obtained 
by simple extrapolation.
Another feature in m ulti-ply bellows is the fact that a l l  the 
p lies , save for the innermost ply, are vented to the atmosphere. 
This simplifies the anlytical procedure as the additional complication 
of in ter-p ly  pressure does not need to be considered. Since the 
majority of m ulti-p ly bellows are vented, the current work is
page 23
restric ted to vented bellows. The problem of unvented bellows w il l  
be discussed in Chapter 5.
The most recent work on bellows stress analysis and design was 
presented in a Ph.D. thesis to the University of Cambridge by N.W. 
Snedden [9] in November 1981. In his thesis, Snedden combined a 
simple mathematical model of the bellows and the beam theory to 
predict the stress and s ta b il i ty  of the bellows expansion jo in t  
under internal pressure. Snedden's mathematical model of the 
convolution approximates the root and crown as truncated cylinders 
and the whole convolution is completed by joining these truncated 
cylinders with annular plates. The prototype bellows analysed by 
Snedden had coarse convolutions and his model of a rectangular 
p ro f i le  bellows may therefore have been adequate for the purpose of 
overall s ta b i l i ty  in the catastrophic sense. As the convolutions 
become f in e r ,  this model would be expected to be incorrect, since 
the local co-ordinates w ill be d iffe rent. Therefore, while 
Snedden's model may have proved adequate for the problem of the 
overall bellows s ta b il i ty  under internal pressure, i t  w i l l  not be of 
help in determining the strength of the bellows, since in s ta b i l i ty  
is  only one of many other considerations in the design of a bellows 
un it. Correct estimates of pressure stresses, in the absence of 
in s ta b i l i ty ,  are needed together with deformation stresses in the 
determination of the fatigue l i f e  expectancy of the un it. Bellows 
are designed for use as compensators, and are used in preference to
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other compensators because of the ir  f l e x ib i l i t y .  I f ,  in the course 
of bellows application, the shape of the convolution was to 
sign ificantly  a lte r  due to in s ta b i l i ty ,  the bellows should be 
regarded as fa i le d , since the properties w i l l  then be s ign ificantly  
d iffe ren t. The change in shape of the convolutions of the bellows 
due to in s ta b i l i ty  or large deflections w il l  not be investigated in 
this work. Current work involves only small deflections which are 
within the e lastic  range of the material of the bellows (see also 
the la s t  paragraph of section 1 .1 ) .  Consequently, any changes in 
the overall geometric parameters of the convolutions are neglig ib le .
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Chapter 2
Theory
In this chapter, a wmberof equations are derived which re late  
the stress resultants in a bellows convolution to applied internal 
pressure and axi-symmetric loads. The mathematical derivation of
the equations is based on the general assumptions in the theory of 
thin shells of revolution which govern the behaviour of bellows 
convolutions under the above load conditions.
2.1 General assumptions in thin shells of revolution
The assumptions known as Kirchoff's hypothesis are as follows
(a) Normals to the undeformed middle surface are displaced into  
the normals of the deformed middle surface.
(b) Stresses in the normal direction and shear strains are 
negligible. .
(c) The ra tio  of the thickness at any point of the shell to
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either one of the principal radii of curvature is very much 
smaller than unity.
(d) The material is homogeneous and isotropic.
(e) Deformations are small.
( f )  Hooke's law is obeyed.
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2.1.1 L is t  of symbols
A Coefficient matrix in boundary value equations. 
aQ Toroidal radius of convolution crown,
a,- Toroidal radius of convolution root.
bc Constant principal radius of crown.
bj Constant principal radius of root.
b1,b2 Terms in boundary value equations.
Dj Inside diameter of bellows.
E Young's modulus of e la s t ic ity .
H Axial component of external forces on convolution.
Hq Boundary value of H at crown.
H^, etc. Virtual forces.
. h Meridional co-ordinate of annular points.
M, General meridional stress resultant.
0
M Boundary value of M, a t crown.o  ^ (j)
Mg Tangential bending stress resultant.
N, n Number of convolutions and plies respectively.
Meridional membrane stress resultant. 
n q Tangential membrane stress resultant.
P Internal pressure,
q Mean width of convolution,
r General radial co-ordinate
r 1* r 2 Principal rad ii of toroidal shell.
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s Variable meridional distance.
T(i), t Thickness of shell.
y^U Strain energy per unit volume and total respctively.
V Radial component of external forces.
VQ Boundary value of V at crown.
V ,etc. Virtual forces.
w Mean depth of convolution,
z Co-ordinate normal to the middle surface, 
a Meridional co-ordinate of nodes along crown.
3 Meridional co-ordinate of nodes along root,
v Poisson's ra tio ,
a Direct stress.
a .  an Meridional and tangential components of a respectively.0 0
a^ T , Oqj Total values of and °q' respectively.
0 Meridional angular co-ordinate,
u Axial deflection of convolution,
w Radial deflection of convolution.
V Rotation of normal to middle surface.
r| Annular depth of convolution ( = a- -  a, ).
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2 . 2 Preliminary approximations
COS(|)
60 .coscj)
Axis of convolution
Figure 5. General forces and geometry 
in a bellows convolution.
page 30
Axi-symmetric shells are mainly characterised by the possession 
of a f in i te  pair of principal radii r. and r  . These principal
radii are normal to the middle surface of the shell and the membrane
stresses are normal to both the middle surface and the principal 
ra d i i .  In, this way, the membrane stresses do not have complementary 
shear stress components in keeping with the assumptions of thin 
shells presented e a r l ie r  in this chapter. In figure 5 above, the
shear stress resultant Q^has been introduced to achieve equilibrum
due to the components of the external forces.
Taking radial equilibrum of forces due to stress resultants on 
the element of the shell in figure 5 gives : -
When this equilibrum equation is simplified and the l im i t  for small 
values taken , i t  yields : -
6N
Nfl.6s.eos(J) 60coscj) + p.6s (r  +
C0S<J> + sin<j> + N0 .cos2<i)
- pr.coscf) = 0 (1)
page 31
Sim ilarly , the axial equilibrum of forces on the shell element 
y ie ld s : -
C0S(I) -  sincj) -  Ng. sin<t>cosct)
+ pr.sincf) = 0 (2 )
In both equations (1) and (2) the terms in N0 are of particu lar
in teres t. Later in section 2 .3 , i t  w il l  be shown that the values of
the stress resultants N and Q are determined by the values of the
d> v d>
external forces at the element boundary. However, the value of N_o
must be determined with the use of one or the other of equations (1)
and (2 ).  This requirement poses a special problem since the terms
in N . r e f e r r e d  to e a r l ie r ,  contain sinusoidal coeffic ien t functions 
0
which make the value of N in f in i te  at certain values of 6  ( t t / 20
radians for equation ( 1 )  and 0 . 0  and t t / 2  radians for equation ( 2 ) ) .  
Similar expressions to equations (1) and (2) can be derived for the 
root section which possesses this s ingularity . This problem was 
encountered by Tsui and Dahl using a d ifferent theoretical approach 
to the problem of U-shaped bellows analysis. Their approach for 
tackling this problem of analytical singularity has been discussed 
in chapter 1 in the l i te ra tu re  survey.
I t  is appropriate at this point to explain that under no 
structural means of deformation could e lastic  loads give rise to an 
in f in i te  level of stresses in such a continuum. Rather, i t  should
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be considered that the other terms in these equilibrium equations 
become zero at these points. This theory considers that in fac t, i t  
is  the principal radius r^, which is in tr in s ic a l ly  included in the
equilibrium equations, that becomes in f in i te  at <f> = t t / 2  radians for
the crown and $ = 0.0 radian for the root. One way of handling this
problem is to use the manufacturing lim itations in the production of
bellows to argue that the included angles in the crown and root of 
the convolution are never really  equal to t t / 2  radians. In this way, 
i t  is then acceptable to choose a new set of l im its  fore}) in the 
crown and root respectively, which ensures that the values of do 
not become in f in i te  within the toroidal sections of the convolution. 
This means that the values of N g may be determined for every 
toroidal element. This is a perfectly ju s t i f ie d  approach as 
experience has shown that in f in i te  stresses are not encountered with
bellows in service. In this approach, the annular section (see
section.2.8, figure 10) is.then modified to include the original 
singularity points not now included in the toroidal sections. This 
approach was used with limited success without taking into  
consideration the e ffect of the variation in the radial distance of 
the toroidal shell elements from the axis of the convolution on the 
equilibrium equations (1) and (2 ) .  Another reason why the choice of 
d iffe ren t sets of lim its-.—..' was deemed legitim ate in the solution 
to the governing equations for the toroidal sections comes from
purely analytical considerations. This is the fact that at the
onset of the application of axi-symmetric loads, the toroidal angles
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a lte r  as f in i te  deformations proceed through the homogeneous shell 
material and the included angle is thus no longer equal to n /2  
radians on s ta tic  analysis.
A th ird  and f inal approach which has been adopted in this
thesis retained the direction of N with respect to N. but ignoring0 (j)
the e ffect of r* on the circumferntial direction of N Q. In this  2- 0
way, r2 is eliminated from the equations resulting from the 
equilibrium of forces on the shell elements. Figure 6 shows such an 
arrangement for the shell element of the crown. The remainder of 
the theory is based on this final model.
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N.+6N
r+6r
(a) Element of shell in 
bellows crown with 
stress resultants.
Axis of 
convolution
=a +b coscj)
(b) Element of crown
with external forces 
and stress resultants
’Axis of convolution
Figure 6. Toroidal stresses in bellows crown 
due to external forces.
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2.3 Analysis of stresses in the crown
I f  forces are resolved in figure 6b, N. and Q± may be expressed
<P
in terms of the tota l external force components H and V as follows
= H coscj) + V sincj)
S)> = V cos<!> - H Sind) (3ab)
is determined as follows:- Consider the equilibrum of the shell 
element in figure 6a in the direction Q. along the normal to the 
middle surface. The sum of forces in this nominated direction  
gives:-
m d ( fQ J
Ne = '  di  ^ + p r / . (4)
Similar summing of forces in the meridional direction gives:-
o r ,
rN^ = Constant (5)
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I f  the ratio  b /r  << 1 , then the tangential bending moment stress 
resultant Mq may be expressed as
Consider the moment equilibrum of the shell element in figure 6a in 
the meridional <j>- direction about the edge at (r  + 6r) then
M^.rSS - (M^  + 6m^) (r + 6r ) 60 - . b6cp. r60
Neglecting small order small terms, and taking the l im i t  as 6<J> tends 
to zero, y ie ld s : -
+ Ng.b6(}).60.l:>2<^ -  p.rdO.bdcJ).13^  = 0
(6b)
Substituting for and integrating y ie ld s : -
|  |  r (Hs i n<J) -  Vcosc})) |  d<t> (6c )
Where kq is a constant of integration.
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2.4 Analysis of stresses in the root
N,+6N
r+6r
(a) Element of shell in bellows 
root with stress resultants 
Axis of convolution
a.
r+6r r = a.-b.sin(t)
(b) Element of bellows 
root with external 
forces and stressAxis of convolution
resultants.
Figure 7. Toroidal stresses in bellows root 
due to external forces.
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The results obtained through the equilibrum of forces due to stress 
resultants for the crown element ( equations 4, 5, 6a and 6b ) can 
be shown to be equally valid for the root element shown in figure  
7a. However,, new relations between stress resultants and element 
nodal forces are obtained by resolving forces on the element node 
shown in figure 7b. This gives
= HsincJ) + VcoscJ)
= VsincJ) -  Hcos<t> (7ab)
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’& & * * ' SS * eS^
. e ^ e
There is no radial component of external forces in the annular
section and the axial component has no effect on the membrane stress
resultants n and The implication of the pure bending model 
<t> 1
which is used in this thesis is deferred until the section 2.8.1  
However, the axial shear stress resultant Q. may be written as
<p
Q, = -H (8)<P
Axial equilibrium of the element in figure 8 yields
rQd> ■ Kd - i p r2  (9 )
where Kd is a constant of integration.
Again, i t  can be demonstrated that the bending moment 
equilibrium of the element leads to an equation similar in form to 
that expressed in equation 6b, while equation 6a remains va lid , i e . ,
k (rMp) -  - rQ*  (10)
Radial equilibrium of forces due to stress resultants in the annular 
element in figure 8 yields
-N ^ .6 r .60 -  aN^.rde -  Nq .6 s .60 = 0
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Or, taking l im its  as 6s tends to zero and using dr = -ds gives
Geometric compatibility of deformations require that the tangential 
strain e A be given as
e0 = S  (12a)
and the longitudinal strain be given as
dw ,
e<|> = d? ' (-12b)
Multiplying through equation 12a by r and d ifferentia ting  the result  
with respect to r yields
i (ree ) = e.dr (p
I t  can be demonstrated that when this is combined with the e lastic  
laws and equation 11, the result is the classic d if fe ren tia l  
equation for thin c ircu lar plates, ie .
2_ r dlHk 1 r n
dr ( r d r *  > *  r d r *  = 0
the solution of v/hich is in the form
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N ( 1 3 a )
S u b s t i tu t in g  fo r  in equation 11 y ie ld s
a'2C. ( 1 3 b )
r 2
fN ^  This works well when the convolution is analysed for strains
The constants C( and are obtained from boundary values of and
due to axial movement since the axial component of external forces 
is the same throughout the p ro fi le  of the convolution. However, 
under internal pressure the axial component of external forces is no 
longer independent of the convolution p ro file  and continuity of
stress membrane stress resultants is lostasa resu lt. This means
A
that when membrane stresses are computed with C; and C0 evaluatedl <-
from the known values of and Ng at one end of the annul us, there 
results a marginal step in values of the membrane stresses computed 
at the other end and the s ta rt  of the next torus. This is not 
regarded as a problem since the strain energy method does not 
necessarily need continuity of stresses. Moreover, the experimental 
work presented in Chapter 3 shows that the membrane stresses can be 
neglected in the strain energy method when applied to the behaviour 
of the m ulti-p ly  convolution under internal pressure.
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2 . 6 Total s tra in  energy in bellows convolution
Let the total stresses at a point in a shell element of the
convolution be for the meridional and CqT for the tangential
stresses. Also assume that these stresses are constant throughout a 
unit volume of the element. I f  shear stresses are neglectected
in accordance with shell assumptions, then the strain energy per
unit volume of the element is defined as
Now,
Oi-r- = + M . 44>T v  4) i
and
°0T '  T e *  v M<t> f
where z is the distance of the element from the middle surface of 
the shell and i is the second moment of area per unit
r ' " ^circumferential length. Now, for s tr ip  element of the convolution 
of volume 1.ds.dz, the total strain energy becomes
■t/2
" j  { 2E + aeT) } - 1-ds-dz
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6U
- t / 2
The to ta l  s t ra in  energy in u n i t  w id th  s t r ip  of convolution 
becomes i'­
l l  =
t / 2
- t / 2
{  2E ( ° | t  + a0T  ^ }  dz ’ ds
S u b s t i tu t in g  fo r  a -^p and Oq-^  and in teg ra t ing  w ith  respect 
to  z in the l im i ts  - t / 2  S z ^ t / 2  fo r  an iso tro p ic  s t r ip
yie id  :-
-  ■ a l f ^ i
N? + N2e (1 + v 2)
 ----   IV . ,I 4)M? \ ds (14)
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2 . 6 . 1 Eva Iuation o f e la s t ic  s tra in s
In accordance w ith  Hookes law, the fo l lo w ing  expressions 
can be w r i t te n  fo r  the average e la s t ic  s tra in s
e4> ”  E ^a4> " vcV
= ^  (aQ - va^) ( 15ab)
Equations (15ab) are v a l id  fo r  the membrane s t ra in s .  The to ta l  
s t ra in s ,  however, must include the s tra in s  due to  ro ta t ions  of 
the normals to  the middle surface i f  these th e o re t ica l s tra in s  
are to  be compared w ith  experimental s tra in s  to  be measured 
on the outer surface .of the convo lu tions. These additional* 
s tra in s  are a lso p roport iona l to the bending stresses. Since 
th is  ro ta t io n  occurs in the merid ional d ire c t io n  on ly , i t  can 
be shown tha t the to ta l  s t ra in s  at any po in t on the surface 
of the convolu tion  are as fo l low s
e<hT E " vcV
e0T “  E ^a6T " vcV  (15cd)
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r2.7 Analysis of deflections
Axis  of convolution
F ig u re  9. D e flec t ions  in a convolution element.
Applying the principle of v irtual force, the axial displacement at 
any point $ = a is
u = 3^Ha
Substituting for U from equation 14 gives
“ I / { (N* !&' + Ne-H9]/ta a
i + v2) »* SlVh 1 / + r>\
  M<t> aHl* j  ds (16)a }
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Through s im ila r  d e f in it io n s ,  the ra d ia l displacement w and ro ta tio n
of normals to  the m iddle surface  y are given by the fo llo w in g  
re s p e c tiv e ly
2.8 Geometry and boundary conditions of convolution
under axi-symmetric loads
CROWN
ANNULUS
ROOT
Axis o f co n vo lu tio n .
F igure  10. Geometric model of convo lu tion .
Bellows dimensions are usually defined by specifying the inside 
diameter D i, the depth w, the width q, the number of plies n and the
ply thickness t .  As shown in figure 10, the prototype bellows is
symmetrical about the point B on the crown. This implies that
(a) The e ffec t of movement between points A and C can be
studied by considering the movement over points A and B ie . ,  
ha lf the movement between A and C.
(b ) The e f fe c t  o f pressure on the whole convolution can be 
studied  by considering  the h a lf  convo lution  between A and B.
(c) The rotation of the normals to the middle surface at points
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A, B, and C is zero before and a f te r  loading.
(d) For any convolution, i t  can be shown that for any ply
t> = q /4  + U  -  1) t / 2
v
b. = q /4  -  ( Z  -  1) t / 2
a. = D . /2  + w -  q /4  + q t /2  c i
a. = ac + w -  q /2  (19a-d )
where £ (= 1 , 2 , . . . , r i )  is the p o s itio n  of the convo lution  p ly  in 
a bellows of r |-p ly  convo lu tion s.
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2 .8 .1  Method of solution
Preliminary work in this study has shown that the m u lti-p ly  
bellows behaves as though the plies are, themselves, individual 
bellows when the convolution is  subjected to axi-symmetric 
loads. The wider implications of th is finding w ill be a 
subject for future work on the s ta b ility  of bellows. However, 
for the moment, th is means that the princip le of v irtua l force 
must be applied to each ply in turn. Thus for each bellows in 
the m ulti-p ly  system, boundary conditions (a) and (c) w ill  give 
respectively : -
1A _ 9U
2 "  3Ho
and
0 = 3Mo
However, the same preliminary study also revealed that the 
plies of the m ulti-p ly  bellows act lik e  bonded plies under 
in ternal pressure. This means that two separate modes of 
analysis are necessary and the combined effects can be studied 
by applying the princip le  of superposition.
The two boundary conditions above y ie ld  two equations in 
Hq and so that : -
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A MHCo J b1 -  2
(20)
where A is a symmetric matrix,
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2.9 P art ia l  der iva tive  terms in the
princip le  of v irtu a l force
Axis of convolution
Figure 11. Convolution crown showing virtual forces 
required in deflection analysis.
As indicated in equations 16, 17 and 18, the v irtu a l force 
princip le  requires p artia l derivative functions which are 
sim ilar to influence coeffic ients used in f in ite  element 
analysis. Thus variable v irtua l forces are applied at various 
points in the crown, annulus and root of the convolution to 
obtain the relevant partia l derivative functions. Thus, 
consider the v irtu a l forces H , V and M actinq at d> = a along
QL CL Oi
the crown of the convolution. Since these are v irtua l forces 
the p artia l derivatives of the stress resultants are better 
derived by taking each v irtua l force in turn.
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2 .9 .1 P art ia l  d er iva tive  coe ff ic ien ts  of stress
resultants for axial deflections in crown
Axis of convolution
Figure 12. Position of virtue! force for 
axial deflections in crown.
CROWN
At any point along the p ro file  of the convolution, the axial 
component of axial forces may be expressed in terms of as 
fo llow s:-
H = H
Also,
cKrH)
ds -H  sincf) a
Using equation 7ab together with equation 8b y ie lds
9N.0
0 1 | COS(j)
a
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3M b
gjq- = — ( ac(cosa -  cos<J>) + — bc(cos2a -  cos2c{)) )
ANNULU5
Here, = -H ie . ,  = -Ha* Furthermore, a t the boundary 
between the crown and the annulus where <i) = tt/ 2 radians, the 
following may be w ritten
N<s> = ° ’ Ne = "Ha’ r = ac and
b -j
M(|) = a [ accosa + 4 bc(1 + cos2a) ] Ha
Thus the constants in equations 13ab may be expressed as
follows
C 1 = -H^/2 and 0 ,  = Ha a= /2
and back substitution of these constants yields
3M
3H^  -  -  [ a^b^cosa + ^  b2 (1 + cos2a) + a^s -  -^s2 ]a r c c c 2"
ROOT
H = H , V = ^ H [a ’ 2 a a. -  1 ]r
Thus the relevant partial d ifferentia l coefficients are as follows
3N.__<p
8 Ha
= sincp + /  1 ]cosc|)
3N(
3Ha
(ajCoscj) - bjSin2(J)) j
1 ]
^  I f
3H " r 1 b [a cosa + 7 b  (1 + cos2a) ] + a . h c c 4 c c
r ac) 2
•r -  1 ] [ a.(1 -  cos*)cosavQjJ i
•j
2 b.(<|) -  |sin2(J>) ] + b ^ s in *  -  jb .(1 -  cos2ct>)]|
2 .9 .2  P a rt ia l  der iva t ive  coe ff ic ien ts  of stress
resultants for radial deflections in crown
V
4-
Axis of convolution
Figure 13. Position of virtual force for 
radial deflections in crown.
CROWN
N = V sin<f) 
(J> a ^
Q . = V coscf)
<P .a
Substituting fo r Q in equations 4 and 6b y ields
<$>
n q = v a 5  (r + bccosc}>)sin(t> 
c
M a  = V  — [a  (s in a  -  sincj))( p a r e
+ ^ bc (a  -  (J) + ^ s in 2 a  -  ^sin2c|>) ]
The relevant p a rtia l derivative functions are as follows
3N. 3 Nq 1
3Y  = sincj), ~  ^ ( f  + bc cosc|))sin(|)
ANNULUS
2 .9 .3 P art ia l  der iva tive  coe ff ic ien ts  of stress
resultants for axial deflections in annul us
ANNULUS
3Hh \ 2 ' r / 2
2He W a i \ 2 \
3H. " " 2  1T  " 2
8 M 4  1 1
3~h !  = 7 [ac(s '  h) - 2 (s* - h2)]
ROOT
3 N ,
3H^ = sind)
8N0 1rrr = - r  (a. sincj) + b. cos2d>)3Hh ■ b. i i
3M . 1
3H = 7 [ac(n - h + b. sincj)) -  - h2)
- 1  bj2(1 -  cos2cJ>)]
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2 .9 .4  P a rt ia l  derivative  co e ff ic ien ts  o f stress
resultants for radial deflections in annulus
ANNULUS
ROOT
 (f>
3Y •” coscj)
h
3N0 1
3Vh = ■ 5 (ai C0S(t> - bi sin2<f>)
^<t> bi r bi
3V '  7 [ ai<1 - c°s<i)) - J (2<|> - Sin2<t>) ]
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P art ia l  deriva tive  co e ff ic ien ts  o f stress
resultants fo r  axial deflections in root
(D . ,
= sm ^
8
3Ne 1gTl = -  jj ( a j sine}) + bj cos2<j))
3 i
3M bj b.
— 1 = —1 [ aj(sinct) -  sin|3) + ^  (cos2<{) -  cos2$) ]
P artia l derivative coeffic ients of stress 
resultants for radial deflections in root
2.10 Numerical solution
Axis of convolution
Figure 14. Complete convention of external 
forces on convolution model.
The numerical method of solution employed is the boundary 
value approach. Section 2 .8 .1  gives an outline of the 
development of the resulting matrix system of equations from 
the boundary value problem defined e a rlie r  in section 2 .6 . The 
la s t step in the theoretical analysis involves expressing the 
dependent variables H and V in terms of the dimensional 
variables $ and s (the toroidal and annular quantities  
respective ly), the boundary fix in g  forces H0 , Mq and any
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internal pressure p. Since the stress resultants have been 
defined and derived for a un it circumferential length of the 
convolution, i t  is now a simple matter of w riting  the variable  
values of H and V for a un it s trip  element. Figure 14 shows 
the three basic elements of the ha lf convolution. The boundary 
forces H.j , V-j', e tc ., are related to the fix in g  forces as
w ill be given shortly .
When the various boundary forces are used together with 
a ll the relevant general relations developed in sections 2 .2 , 
through to 2 .5 , they generate, f in a l ly , the following boundary 
value stress functions from which the stress resultants can be 
evaluated for any node in the structure of the convolution.
CROWN
N , = H coscj) + V sincj)o o
c c
c -  V —c [a sincj) + -rC(2cJ) + sincj)2)] o r c 4
bc
+ (H q -  pfcrj ( -  ) [ac (1 -  coscj))
+ 4 b (1 -  cos2cJ))]
(2 1 a -c )
H 1 = H -  pb , V 1 = V + pb 1 o K c ’ 1 o K c
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ANNULUS
H a 2  V a^ a^ a^ 2
N = f  K 7G) - 1] ♦ f l H° ♦ 1 ( f  - IX 7° ) J
c c
V a a a 2i H a 2
Ne - ' 2 l ' b  * 1 + ( b - ' * 75 > ] - 2 ? [ < F  > + 1]c , c
M4> = M1 7° + t- (aos - I sZ)-  ^ (l acs2 • 3s3)
(22a-c)
H0 = - prj , V0 = V, .....
'1+ sj (aon ; ^2) -1 j <1 v* - i^3)
root
N(  ^ = H^sincp + V^cos <|)
Ne = “H2(5. sinct) + cos2^) " V2C  C0S(^ _ I  S i n 2(t>)
a. b .  b .
M(j) = M2 r + H2 r [ :a|s'n<i) “ " cos 2<|))]
b .  b .
-  ( v 0  +  P b j K  7  ) [ a . ( 1  c o s d > )  -  “ '(24) -  sin2cb)]
(2 3 a -c )
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Using the assumption for thin shells, ie . ,  that shear 
stresses are neg lig ib le , then the following can be w ritten  for 
the external forces due to internal pressure:-
Hq =P [p . + 2w)2 - Dj]/(D. + 2w) 
and
VQ = -pbc (24ab)
Once the p artia l derivative coeffic ients and the boundary 
value stress functions were developed , i t  became clear that 
only numerical methods of solution through the use of d ig ita l 
computers were feasible owing to the complexity of the resulting  
matrix of functions. The quadrature integration formula known 
as Simpson's rule was chosen for th is purpose because of its  
sim plic ity  and re la tiv e  accuracy in evaluating the mainly 
sinusoidal functions. The computer programs SAMBA1 and SAMBA2 
extensively employ this quadrature formula. SAMBA1 is the 
computer program which analyses the m ulti-p ly  convolution for  
stresses, stra ins, displacement and spring force due to applied 
axi-symmetric loads only while SAMBA2 deals with the analysis 
fo r the same variables when the convolution is under internal 
pressure. The trunk t i t l e  SAMBA stands for "Stress Analysis of 
M u lti-p ly  Bellows under Axi-symmetric loads". Both programs 
are w ritten in Fortran 77. The relevant elements of the 
programs are given in the following flow chart: -
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2.10,1 Flow chart for programs SAMBA1 and SAMBA2
From step (19) (3)
" (4)
ir (5)
( 6)
Carry out the numerical integration of terms in
Let
Let
Take the f i r s t  p ly . Let
Compute
YM = (12*(1+PSN))/(T(m)**3)
Compute ACM (at )
AIM (ar )
RIM (bcr)
R2M (br)
• BI = ACM - AIK
Carry out the numerical integration of terms in 
equation 20 of boundary value problem for crown 
and root using subroutine SIMP (Simpson's ru le ) .
Read dimensions of convolution
[ T ( i ) ,  i= l ,  — , n] thickness of each ply 
Read mechanical properties of bellows material 
E and y
Read XI -  axial movement per convolution
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equation 20 of boundary value problem for the 
annulus using subroutine SIMP (Simpson's ru le ).
( 10)
( 11)
( 12)
Let
(13)
(14)
(15)
(16)
Let
(17)
(18)
Let :~
(19)
page
Carry out step (11) only
Solve equation 20 for H0 and M,
Compute deflections u and w
and rotation & usin subroutine SIMP 
direct forces N<j> and N0 and 
bending moments M^  and Me-
Print displacements u and w,
rotations V and stresses
°e> V and °eT
in consistent units at a ll 
a  and fi
v ( 21 )
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2.10 .2  Detailed theoretical analysis of Lestinqi's  
model [1 ] using computer program SAMBA1.
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PROGRAM SAMBA1 
c
c
INPUTS:-
I.D IA . 74.089996 mm
CONVOLUTION DEPTH 7.937500 mm
CONVOLUTION WIDTH 5.440000 mm
No. OF PLIES 2
THICKNESS 0.180000 mm
MOV.T. PER CON. 0.152400 mm
Y. MOD. 200000 N/Sq.mm
POISSON°S RATIO
M.TH PLY 1 
*
*
0.300
*
ACM = 43.802498281 mm
AIM = 38.584998071 mm
RIM = 1.269999832 mm
B1 = 5.217500210 mm
R2M = 1.449999720 mm
FIXING FORCE HO = 
FIXING MOMENT MO =
0.098466 N/mm 
-0.399213 N.mm/mm
DISPLACEMENTS AT POINTS ALONG THE CROWN.
ANGULAR POSN. AXIAL MOVT. RAD. MOVT. ROTATIONS 
(Degree) (mm) (mm) (rad)
0.00000000
5.00000000
10.00000000
15.00000000
20.00000000
25.00000000
30.00000000
35.00000000
40.00000000
45.00000000
50.00000000
55.00000000
60.00000000
65.00000000
70.00000000
75.00000000
80.00000000
85.00000000
90.00000000
0.07626417
0.07588151
0.07549555
0.07510299
0.07470047
0.07428460
0.07385191
0.07339896
0.07292225
0.07241839
0.07188408
0.07131626
0.07071213
0.07006933
0.06938600
0.06866089
0.06789349
0.06708409
0.06623388
-0.00563480
-0.00564792
-0.00564030
-0.00561213
-0.00556390
-0.00549639
-0.00541076
-0.00530857
-0.00519183
-0.00506308
-0.00492540
-0.00478244
-0.00463848
-0.00449834
-0.00436746
-0.00425176
-0,00415762
-0.00409181
-0.00406132
0.00000000
0.00049599
0.00099101
0.00148410
0.00197430
0.00246069
0.00294233
0.00341835
0.00388790
0.00435016
0.00480436
0.00524978
0.00568576
0.00611170
0.00652705
0.00693135
0.00732421
0.00770532
0.00807446
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DISPLACEMENTS AT POINTS ALONG THE ANNULUS.
ANNULAR POSN. AXIAL MOVT. 
(mm) (mm)
0.00000000
0.52174377
1.04348755
1.56524658
2.08699036
2.60874939
3.13049316
3.65223694
4.17399597
4.69573975
5.21749878
0.07022201
0.06584966
0.06060557
0.05469005
0.04830469
0.04165243
0.03493761
0.02836608
0.02214524
0.01648416
0.01159363
RAD. MOVT. 
(mm)
-0.00315284 
-0.00318677 
-0.00322148 
-0.00325701 
-0.00329341 
-0.00333074 
-0.00336907 
-0.00340844 
-0.00344895 
-0.00349066 
-0.00353365
ROTATIONS
(rad)
0.00807446
0.00964791
0.01094291
0.01194914
0.01265576
0.01305139
0.01312406
0.01286117
0.01224948
0.01127503
0.00992310
DISPLACEMENTS AT POINTS ALONG THE ROOT.
ANGULAR POSN. 
(Degree)
0.00000000
5.00000000
10.00000000
15.00000000
20.00000000
25.00000000
30.00000000
35.00000000
40.00000000
45.00000000
50.00000000
55.00000000
60.00000000
65.00000000
70.00000000
75.00000000
80.00000000
85.00000000
90.00000000
AXIAL MOVT. 
(mm)
0.01045245
0.00939955
0.00839535
0.00744517
0.00655330
0.00572302
0.00495647
0.00425467
0.00361750
0.00304367
0.00253076
0.00207525
0.00167256
0.00131714
0.00100255
0.00072161
0.00046648
0.00022883
0.00000000
RAD. MOVT'. 
(mm)
-0.00353365
-0.00350784
-0.00341702
-0.00326913
-0.00307258
-0.00283615
-0.00256886
-0.00227987
-0.00197832
-0.00167321
-0.00137324
-0.00108670
-0.00082129
-0.00058400
-0.0003810.1
-0.00021753
-0.00009770
-0.00002458
0.00000000
ROTATIONS
(rad)
0.00992309
0.00953662
0.00912691
0.00869400
0.00823812
0.00775968
0.00725928
0.00673771
0.00619594
0.00563514
0.00505663
0.00446192
0.00385266
0.00323065
0.00259781
0.00195618
0.00130786
0.00065506
0.00000000
page 71
■kick'k-k'k 'kick-k-kif'k'k 'kifidck-k'k  
*  *
*  M.TH PLY 2 *
★ *
ick'k'k'k'k'kie'k'k'k'k'k'k'k'kic'k'k'k'k
ACM
AIM
RIM
B1
R2M
*
*
43.712498277 mm 
38.494998068 mm 
1.449999839 mm 
5.217500210 mm 
1.269999713 mm
FIXING FORCE HO = 
FIXING MOMENT MO =
0.098437 N/mm 
-0.392082 N.mm/mm
DISPLACEMENTS AT POINTS ALONG THE CROWN.
ANGULAR POSN, 
(Degree)
0.00000000
5.00000000
10.00000000
15.00000000
20.00000000
25.00000000
30.00000000
35.00000000
40.00000000
45.00000000
50.00000000
55.00000000
60.00000000
65.00000000
70.00000000
75.00000000
80.00000000
85.00000000
90.00000000
AXIAL MOVT. 
(mm)
0.07626476
0.07592765
0.07558387
0.07522684
0.07485008
0.07444733
0.07401258
0.07354021
0.07302502
0.07246234
0.07184815
0.07117914
0.07045285
0.06966771
0.06882318
0.06791977
0.06695912
0.06594406
0.06487858
RAD. MOVT. 
(mm)
-0.00548792
-0.00550770
-0.00548749
-0.00542817
-0.00533140
•0.00519965
■0.00503620
•0.00484509
•0.00463116
-0.00440000
■0.00415792
-0.00391188
-0.00366946
-0.00343873
-0.00322819
-0.00304661
-0.00290293
■0.00280612
-0.00276498
ROTATIONS
(rad)
0.00000000
0.00055614
0.00111102
0.00166336
0.00221193
0.00275549
0.00329285
0.00382283
0.00434433
0.00485625
0.00535760
0.00584740
0.00632479
0.00678894
0.00723915
0.00767479
0.00809532
0.00850031
0.00888947
page 72
DISPLACEMENTS AT POINTS ALONG THE ANNULUS.
ANNULAR POSN. AXIAL MOVT. RAD. MOVT. ROTATIONS
(mm) (mm) (mm) (rad)
0.00000000 0.06996554 -0.00187471 0.00888947
0.52174377 0.06499014 -0.00191337 0.01032296
1.04348755 0.05924484 -0.00195290 0.01147344
1.56524658 0.05293033 -0.00199336 0.01233042
2.08699036 0.04624858 -0.00203482 0.01288284
2.60874939 0.03940293 -0.00207733 0.01311912
3.13049316 0.03259816 -0.00212097 0.01302705
3.65223694 0.02604057 -0.00216581 0.01259381
4.17399597 0.01993804 -0.00221192 0.01180589
4.69573975 0.01450013 -0.00225941 0.01064907
5.21749878 0.00993819 -0.00230835 0.00910835
DISPLACEMENTS AT POINTS ALONG THE ROOT.
ANGULAR POSN. 
(Degree)
0.00000000
5.00000000
10.00000000
15.00000000
20.00000000
25.00000000
30.00000000
35.00000000
40.00000000
45.00000000
50.00000000
55.00000000
60.00000000
65.00000000
70.00000000
75.00000000
80.00000000
85.00000000
90.00000000
AXIAL MOVT, 
(mm)
0.00903274
0.00819048
0.00738739
0.00662621
0.00590899
0.00523706
0.00461104
0.00403083
0.00349567
0.00300407
0.00255391
0.00214241
0.00176622
0.00142140
0.00110356
0.00080783
0.00052901
0.00026162
0.00000000
RAD. MOVT. 
(mm)
-0.00230835
-0.00229312
-0.00223308
-0.00213439
-0.00200332
-0.00184619
-0.00166931
■0.00147890
-0.00128107
-0.00108170
-0.00088641
-0.00070047
-0.00052873
-0.00037557
-0.00024481
-0.00013967
-0.00006270
-0.00001577
0.00000000
ROTATIONS
(rad)
0.00910834
0.00873015
0.00833385
0.00791949
0.00748728
0.00703754
0.00657077
0.00608759
0.00558879
0.00507526
0.00454805
0.00400834
0.00345741
0.00289665
0.00232755
0.00175168
0.00117067
0.00058620
0.00000000
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MAX. STRAIN DUE TO DEFLN. -  CROWN REGION:
POSITION 
FROM CROWN 
(DEG.)
MERIDIONAL
STRAIN
(xl.0E3
u-strains)
TANGENTIAL
STRAIN
(xl.0E3
u-strains)
0.00000000
5.00000000
10.00000000
15.00000000
20.00000000
25.00000000
30.00000000
35.00000000
40.00000000
45.00000000
50.00000000
55.00000000
60.00000000
65.00000000
70.00000000
75.00000000
80.00000000
85.00000000
90.00000000
-0.38585458
-0.38529983
-0.38363980
-0.38088706
-0.37706247
-0.37219499
-0.36632149
-0.35948644
-0.35174158
-0.34314554
-0.33376335
-0.32366602
-0.31292993
-0.30163632
-0.28987064
-0.27772194
-0.26528222
-0.25264570
-0.23990820
-0.02456591
-0.02478043
-0.02542133
-0.02648064
-0.02794529
-0.02979728
-0.03201411
-0.03456915
-0.03743214
-0.04056977
-0.04394626
-0.04752401
-0.05126421
-0.05512754
-0-.05907476
-0.06306731
-0.06706788
-0.07104089
-0.07495292
MAX. STRAIN
POSITION 
FROM CROWN 
(mm.)
1.44999984
1.97174981
2.49349979
3.01524976
3.53699973
4.05874971
4.58049968
5.10224965
5.62399963
6.14574912
6.66749862
DUE TO DEFLN. -
MERIDIONAL
STRAIN
(xl.0E3
u-strains)
-0.23990820
-0.19493058
-0.14943397
-0.10339906
-0.05680559
-0.00963228
0.03814327
0.08654462
0.13559657
0.18532519
0.23575809
ANNULAR REGION
TANGENTIAL
STRAIN
(xl.0E3
u-strains)
-0.07495292
-0.06151580
-0.04792505
-0.03417498
-0.02025964
-0.00617274
0.00809230
0.02254242
0.03718492
0.05202747
0.06707820
MAX. STRAIN DUE TO DEFLN. -  ROOT REGION:
POSITION MERIDIONAL TANGENTIAL
FROM CROWN STRAIN STRAIN
(DEG.) (xl.0E3 (xl.0E3
u-strains) u-strains)
0.00000000 0.23524379 0.06759268
5.00000000 0.24841597 0.06357290
10.00000000 0.26149606 0.05967569
15.00000000 0.27438450 0.05592764
20.00000000 0.28698299 0.05235222
25.00000000 0.29919524 0.04896973
30.00000000 0.31092768 0.04579735
35.00000000 0.32209022 0.04284929
40.00000000 0.33259692 0.04013699
45.00000000 . 0.34236672 0.03766931
50.00000000 0.35132405 0.03545288
55.00000000 0.35939947 0.03349242
60.00000000 0.36653025 0.03179103
65.00000000 0.37266089 0.03035056
70.00000000 0.37774356 0.02917194
75.00000000 0.38173860 0.02825547
80.00000000 0.38461474 0.02760109
85.00000000 0.38634949 0.02720859
90.00000000 0.38692926 0.02707778
STRESSES IN OUTERMOST PLY -CROWN
POSITIONS MRIDIONAL TANGENTIAL MERIDIONAL TANGENTIAL
(DEG.) MEMBRANE MEMBRANE TOTAL TOTAL
STRESSES STRESSES STRESSES STRESSES
(N/Sq.mm) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm)
0.00 0.54687358 17.03322747 -72.06094745 -4.74911971
5.00 0.54479256 16.96218368 -71.97131163 -4.79264845
10.00 0.53856534 16.74978220 -71.70302586 -4.92269603
15.00 0.52823932 16.39820141 -71.25795208 -5.13765686
20.00 0.51389307 15.91103456 -70.63918318 -5.43488916
25.00 0.49563579 15.29323447 -69.85102732 -5.81076530
30.00 0.47360641 14.55103807 -68.89898601 -6.26074048
35.00 0.44797261 13,69187227 -67.78972575 -6.77943805
40.00 0.41892947 12.72424338 -66.53104316 -7.36074920
45.00 0.38669802 11.65761263 -65.13182349 -7.99794460
50.00 0.35152356 10.50226040 -63.60199244 -8.68379516
55.00 0.31367380 9.26914233 -61.95246113 -9.41069889
60.00 0.27343679 7.96974015 -60.19506404 -10.17081082
65.00 0.23111876 6.61591066 -58.34249007 -10.95617269
70.00 0.18704178 5.21973565 -56.40820639 -11.75883948
75.00 0.14154130 3.79337595 -54.40637522 -12.57099965
80.00 0.09496360 2.34893224 -52.35176359 -13.38508655
85.00 0.04766317 0.89831507 -50.25964619 -14.19387834
90.00 0.00000000 -0.54687358 -48.14570143 -14.99058459
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STRESSES IN OUTERMOST PLY -ANNULUS
POSITIONS MRIDIONAL TANGENTIAL MERIDIONAL TANGENTIAL
(mm.) MEMBRANE MEMBRANE TOTAL TOTAL
STRESSES STRESSES STRESSES STRESSES
(N/Sq.mm) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm)
1.45 0.00000000 -0.54687358 -48.14570143 -14.99058458
1.97 0.00664621 -0.55351979 -39.15217219 -12.30116577
2.49 0.01353771 -0.56041129 -30.05491676 -9.58094799
3.02 0.02068673 -0.56756031 -20.85007988 -6.82879054
3.54 0.02810625 -0.57497983 -11.53361286 -4.04349570
4.06 0.03581010 -0.58268369 -2.10126123 -1.22380511
4.58 0.04381300 -0.59068658 7.45144843 1.63160414
5.10 0.05213062 -0.59900420 17.12922279 4.52412365
5.62 0.06077969 -0.60765327 26.93701717 7.45521829
6.15 0.06977804 -0.61665162 36.88004303 10.42642831
6.67 0.07914475 -0.62601833 46.96381316 13.43938276
STRESSES IN OUTERMOST PLY -ROOT
POSITIONS MRIDIONAL TANGENTIAL MERIDIONAL TANGENTIAL
(DEG.) MEMBRANE MEMBRANE TOTAL TOTAL
STRESSES STRESSES STRESSES STRESSES
(N/Sq.mm) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm)
0.00 0.00000000 -0.54687358 46.88469624 13.51853585
5.00 0.04766317 -1.98328517 49.08820922 12.72887923
10.00 0.09496360 -3,39233752 51.28151060 11.96362719
15.00 0.14154130 -4.76386880 53.44773871 11.22799106
20.00 0.18704178 -6.08835830 55.57009023 10.52655690
25.00 0.23111876 -7.35697106 57.63195597 9.86328079
30.00 0.27343679 -8.56158727 59.61705957 9.24150027
35.00 0.31367380 -9.69481741 61.50959815 8.66396062
40.00 0.35152356 -10.75000447 63.29438316 8.13285416
45.00 0.38669802 -11.72121482 64.95698003 7.64987056
50.00 0.41892947 -12.60321964 66.48384449 7.21625566
55.00 0.44797261 -13.39146904 67.86245404 6.83287619
60.00 0.47360641 -14.08206094 69.08143236 6.50028766
65.00 0.49563579 -14.67170708 70.13066484 6.21880247
70.00 , 0.51389307 -15.15769823 71.00140327 5.98855568
75.00 0.52823932 -15.53787079 71.68635795 5.80956565
80.00 0.53856534 -15.81057663 72.17977546 5.68178725
85.00 0.54479256 -15.97465779 72.47750081 5.60515554
90.00 0.54687358 -16.02942738 72.57702265 5.57961820
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2.10.3 Detailed theoretical analysis of Lestingi's model [1 ]  
using computer program SAMBA2.
PROGRAM SAMBA2
C
C
INPUT THE VALUES OF BELLOWS DIMENSIONS 
IN THE FOLLOWING ORDER SEPARATING EACH 
VALUE FROM THE NEXT WITH A COMMER 
C 
C
INSIDE DIA
DEPTH OF CONVOLUTION 
WIDTH OF CONVOLUTION 
No. OF PLIES
AXIAL MOVEMENT PER CONVOLUTION 
AND YOUNGS MODULUS OF ELASTICITY.
INPUTS:- INSIDE DIA. = 74.0900 mm
DEPTH OF CON 7.9375 mm
WIDTH OF CON 5.4400 mm
No. OF PLIES 2
MOVT. OF ONE CON. = 0.1524 mm
MOD. OF ELASTICITY= 200000.0000 N/Sq.mm
POISON.S RATIO 0.3000
INTERNAL PRESSURE =0.2070 N/Sq.mm
Thicknesses of plies entered are as follows:-
0.18000001
0.18000001
C
C
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ACM = 43.802498281
AIM = 38.584998071
RM = 1.359999895
B1 = 5.217500210
PI = 3.141592654
FIXING FORCE HO = 
FIXING FORCE VO = 
FIXING MOMENT MO
0.76465598
-0.28151996
-0.94156265
CONVOLUTION CROWN
MAXIMUM BENDING STRESSES
ANG. POSN. 
(Degrees)
MERIDIONAL STRESSES 
(N/Sq.mm)
0.00000000
5.00000000
10.00000000
15.00000000
20.00000000
25.00000000
30.00000000
35.00000000
40.00000000
45.00000000
50.00000000
55.00000000
60.00000000
65.00000000
70.00000000
75.00000000
80.00000000
85.00000000
90.00000000
-43.59085992
-41.93511073
-40.06965103
-38.00777180
-35.76415036
-33.35476152
-30.79678146
-28.10848411
-25.30913052
-22.41885096
-19.45852020
-16.44962602
-13.41413113
-10.37432900
-7.35269380
-4.37172514
-1.45378799
1.37905113
4.10519106
N/mm 
N/mm 
N.mm/mm
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MAXIMUM STRAINS ON OUTERMOST PLY 
ANG. POSN. MERIDIONAL STRAINS
(Degrees) (*1.0E-0.6)
0.00000000
5.00000000
10.00000000
15.00000000
20.00000000
25.00000000
30.00000000
35.00000000
40.00000000
45.00000000
50.00000000
55.00000000
60.00000000
65.00000000
70.00000000
75.00000000
80.00000000
85.00000000
90.00000000
-217.95429962
-209.67555367
-200.34825514
-190.03885901
-178.82075178
-166.77380761
-153.98390728
-140.54242056
-126.54565259
-112.09425478
-97.29260102
-82.24813009
-67.07065564
-51.87164498
-36.76346902
-21.85862568
-7.26893993
6.89525566
20.52595531
CONVOLUTION ANNULUS
MAXIMUM BENDING STRESSES
ANG. POSN. 
(mm )
MERIDIONAL STRESSES 
(N/Sq.mm)
0.00000000
0.52174997
1.04349995
1.56524992
2.08699989
2.60874987
3.13049984
3.65224981
4.17399979
4.69574928
5.21749878
4.10519370
14.58557662
22.57051513
28.03200000
30.94058564
31.26536810
28.97383020
24.03178734
16.40322708
6.05027632
-7.06706185
MAXIMUM STRAINS ON OUTERMOST PLY
ANG. POSN. 
(Degrees)
MERIDIONAL STRAINS 
(*1 .0E-0.6)
0.00000000
0.52174997
1.04349995
1.56524992
2.08699989
2.60874987
3.13049984
3.65224981
4.17399979
4.69574928
5.21749878
20.52596852
72.92788310
112.85257567
140.16000000
154.70292819
156.32684048
144.86915100
120.15893669
82.01613539
30.25138162
-35.33530927
CONVOLUTION ROOT
MAXIMUM BENDING STRESSES
ANG. POSN. 
(Degrees)
MERIDIONAL STRESSES 
(N/Sq.mm)
0.00000000
5.00000000
10.00000000
15.00000000
20.00000000
25.00000000
30.00000000
35.00000000
40.00000000
45.00000000
50.00000000
55.00000000
60.00000000
65.00000000
70.00000000
75.00000000
80.00000000
85.00000000
90.00000000
-7.06710432 
-10.43206539 
-13.90730039 
-17.46685653 
-21.08416560 
-24.73222386 
-28.38377470 
-32.01149329 
-35.58817269 
-39.08691073 
-42.48129697 
-45.74559897 
-48.85494714 
-51.78551711 
-54.51470870 
-57.02132011 
-59.28571622 
-61.28998932 
-63-01811081
MAXIMUM STRAINS ON OUTERMOST PLY
ANG. POSN. 
(Degrees)
MERIDIONAL STRAINS 
(*1 .0E-0.6)
0.00000000
5.00000000
10.00000000
15.00000000
20.00000000
25.00000000
30.00000000
35.00000000
40.00000000
45.00000000
50.00000000
55.00000000
60.00000000
65.00000000
70.00000000
75.00000000
80.00000000
85.00000000
90.00000000
-35.33552160 
-52.16032697 
' -69.53650197 
-87.33428267 
-105.42082800 
-123.66111931 
-141.91887351 
-160.05746644 
-177.94086345 
-195.43455367 
-212.40648486 
-228.72799486 
-244.27473569 
-258.92758556 
-272.57354349 
-285.10660054 
-296.42858108 
-306.44994658 
-315.09055404
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Figure 15. Stress distribution in a half-convolution 
under axial extension of 0.072 mm.
(model analysed is the 80 mm nominal size 
Lestingi's model w ith details given in section 2.11).
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Figure 16. Distribution of theoretical bending stresses 
in half-convolution under internal pressure. 
(Results used are from section 2.10.3)
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2.11 Discussion of theory
Lestingi [1] had recorded what had, h itherto , been the 
only published experimental work of relevance to the subject of 
this thesis. Therefore, i t  is appropriate at this point to 
present a comparison of the theory developed here and his
experimental results. The bellows used in his work had
convolutions with the following average , dimensions:-
Di = 74.09 mm 
w = 7.938 mm
q = 5.440 mm
n = 2
t  = 0.180 mm
The strain values presented in Lestingi's work [1] were
in su ff ic ien t for a graphical comparison similar to those shown 
in figures 25 and 26. This is because, although various
Values of strains were presented in the relevant tables C-5 
and C-6 [1 ] ,  the strains refered to one load point only ( table  
C-5 gives strains due to an axial movement of 0.1524 mm while 
table C-6 gives the strains due to combination of an axial
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movement of 0.1524 mm and an internal pressure of 0.2069 
N/Sq.mm). The above convolution has been analysed for strains  
due to an axial extension of 0.1524 mm using the computer 
program SAMBA1 and the properties of stainless steel at room
ju-strains are as toilows witn Lestingi's experimental figures 
shown in parenthesis
According to his report, Lestingi stated that a ll the 
strains measured for the axial compression case were tens ile .  
Clearly, from the evidence of new experimental work presented 
in Chapter 3 of this thesis, the strains in the root of the 
convolution are compressive. However, this theory follows the 
general trend of the strains which is greater in magnitude at  
the root though this trend is marginal in the theoretical 
prediction. Three main factors are responsible for the only
temperature (^)= 0.3 and E = 200 000 MPa .) The results in
Strain type , Crown Root
Meridional -381 382
(387) (522)
Tangential -38 40
(175)
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marginal difference between the magnitudes of strain at the
crown and at the root. The f i r s t  factor l ies  in the id e a l is e d
single-torus crown and root used in the theoretical model. The
computer program NONLIN [1] allows for multi-torus sections and
hence Lestingi's model can be constructed to closely re f le c t
the true p ro fi le  of the prototype convolution. However, such a
model w ill  prove d i f f i c u l t  when the parametric formulation of
e
the design formulae prsented in Chapter 4 is to be carried out.A
Moreover, in order to obtain the correct toroidal dimensions
ed
the bellows w il l  need to be section rendering i t  subsequently 
unusable i f  the need were to arise.
The second factor is that of the gauge plane dimensions. 
Although this information was not found in Lestingi's work [1 ] ,  
this is a major source of errors between the theoretical and 
experimental results of analysis. The gauges used in this  
thesis were, for gauge type FCA-2, 2 mm long and 1 mm wide. 
When mounted, even i f  i t  was possible to correctly locate the 
intersection of of the gauge axes on the point of in terest,  
this length is equivalent to recording the average strain over 
36° of the toroidal sections. The nature of the high strain  
gradients in these sections of the convolution means that the 
measured strains are smaller than the actual strains which 
should have been recorded i f  i t  was possible to measure strain  
at a point. I t  is not practicable to quantitatively assess the
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e ffec t  of gauge length due to the fact that the e ffec t of 
thinning is much more dominant and is discussed in the next 
paragraph.
The th ird  and probably most important factor responsible 
for the marginal difference between the theoretical strains at 
crown and root is the distribution of thinning. The thickness 
used in the theoretical model is the calculated mean of the 
measured thicknesses along the entire p ro fi le  of the actual 
convolution. This showed that the bellows convolution was 
thinnest at the root. In fac t, Appendix B  shows amongst other 
things, a considerable variation in the thickness in sections 
of bellows which were produced through a’ s im ilar process to 
that used in the production of the bellows used in this thesis. 
Appendix C also shows that the variation in thinning depends on 
the position of the ply in the m ulti-ply convolution.. Clearly  
therfore, any e f fo r t  to formulate for the variation in thinning 
would only serve to complicate the more relevant parametric 
analysis in Chapter 4. What is noteworthy and relevant to the 
theoretical discussion, however, is the fact that the root 
suffers the most thinning being more than 25 percent more 
thinning at the root than at the crown in some cases. .Thus the
thinning is probably the single factor most responsible for the
n
differeces between the theoretical and measured strains at theA
root.
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Although membrane stresses due to internal pressures have 
been presented here in the theory, the experimental results  
only confirm the meridional bending stresses. This may be due
to the existence of in ter-p ly  voids in multi-ply bellows with 
isolated contact points. The voids result from the e lastic  
recovery of the plies a fte r  the cold forming process. The 
cause of the isolated contact points, which could be anywhere 
along the crown and root, is less certain. I t  may be caused by 
the nature of the e lastic  recovery of the plies and i t  may also 
be caused by the practice of cold setting which is often used 
by manufacturers whereby the finished bellows is e ither  
extended or compressed to obtain the designed free length- of 
the bellows. In order for the outer ply to undergo any 
membrane deformation when the inner ply is under internal 
pressure, the deformation of the inner ply w ill  need to exceed 
the magnitude of the in ter-p ly  void. Meanwhile, the isolated  
contact points ensure that the meridional bending moments are 
e ffec tive ly  transfered through to the outer ply. The 
deformations of the outer ply due to transfered bending moments 
then serve to increase the effectiveness of the in ter-p ly  void 
in retaining the membrane strains within the inner ply. I t  
w ill  be expected that the greater the number of plies in a
convolution, the more dominant w ill  be the meridional bending 
stresses. The experimental figures presented in table 7 of
Chapter 3 show that even at 60 psi (0.414 MP a ) internal
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pressure the tangential strains in both crown and root could 
hardly be monitored by the Spectra-ms. According to the 
theoretical estimates presented here, the tangential strains  
should have been dominated by the tangential component of
membrane stresses. I t  is worth pointing out that the bellows
began to squirm at about 100 psi (0.67 M P 3 )• This means 
that the bellows used would have fa iled  due to meridional 
bending through squirm long before the membrane stresses become 
e ffec t ive . Therefore, in designing multi-ply bellows for
internal pressure i t  is suffic ient to design for the meridional 
bending stresses i f  the design pressure is within 50 per cent
of the squirm pressure. Below this however, i t < w il l  -be
necessary to design for membrane tangential stresses which may 
need to be factored to re f le c t  the e ffect of in ter-p ly  voids.
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Chapter 3
Experimentation
The experiment was essentially a measurement of strains due to 
the following load conditions:-
(a) end loads due to axial deflection of bellows 
without internal pressure
(b) internal pressure without axial deflection and
(c) combined internal pressure and end loads due to 
axial deflections.
The axial deflections in ’ (a) were f i r s t  extension^ (bellows extended) 
and then compressive (bellows compressed). Test (c) was mainly a 
repeat of the pressure test with an axial compression of 1 mm added 
to each pressure stage to obtain the required combined te s t.  Dial
displacements to a 0.01 mm accuracy. All strains were maintained 
within the e lastic  range of the bellow's material as the analysis 
was, essentia lly , an e lastic  analysis. This e lastic  range was 
determined with the analytical program SAMBA1 which gave an expected 
overall displacement of about 0.425 inches or 0.67 mm movement over
Test) Indicators {DTIs) were used to achieve good measurement of end
page SO
one convolution. The bellows was pressurised with a hand pump.
page 91
450
in
i
6 .3  wa
SECTION A -Ainin Tack welds
k v w v  v  \  \  f( ^ v  I  \ - y \  v -v v
Figure 17. Rig mounting (Dimensions in mm)
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The rig base was made from a 450 mm square mild steel plate with a 
centrally tackwelded 150 mm nominal bore pipe, 200 mm long by 6.25 
mm wall thickness. The arrangement of the mount is as shown in 
figure 17. The previous adaptation that was meant for use with the 
Denison tensometer served, on this occasion, as locating aids in the 
mount.
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3 Jacking bars 19mm $ 
_ / each with 4 nuts and /  equispaced round the 
periphery of the end 
blanking flanges.
(Used to  apply axi a I 
Ioad on. be 11ows )
Isolating Valves 
(ball type)Gauge
To Reservoir 
and Pump.
‘Magnetic base 
Dial Test Indicator 
(Qty. 3). One for 
each Jacking bar.
Bellows
T2
Rig Mounting
Figure 18. Schematic, drawing of Rig.
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The complete arrangement of the rig  is as shown in figure 18. 
During previous experimentation using the Denison tensometer, the
dial gauge on the Denison was often noticed to indicate movements 
without registering any force on the tensometer. This was
interpreted as indicating a slip between the bellows mounting plates 
and the securing tensometer jaws. I t  was therefore decided on this  
occasion not to use the Denison since the experiment is ,  
essentially , that of strain measurement. Therefore, as mentioned 
e a r l ie r  in this section, 3 DTIs were used to measure the
displacements. As shown in figure 18, the DTIs were positioned as 
near to the bore of the bellows as space could allow. I t  was not 
thought necessary to make a separate adaptation for the mounting of 
the magnetic based DTIs due to possible problems with the partia l  
deflection of any such adaptation. The magnetic base was wide 
enough to s i t  on the bellows end flange as shown, while the free 
dial t ip  was located under the jacking bar carr ie r  lugs near the 
jo in t  with the bellows other end blanking flange.. The following 
strain measurements were taken
( i )  strains in the outer ply due to bellows axial 
deflections,
( i i )  strains in the outer ply due to internal pressure, and 
( i i i )  strains due to the combined effects of internal 
pressure and bellows axial deflections on the 
outer ply.
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Measurement of strains on the inner ply could not be made due to 
access d i f f ic u l t ie s .  As such strains were not expected to reveal 
anything other than the general trend to be found on the outer ply, 
this was therefore not pursued any further. There were 14 strain  
measurements taken on the outer ply (3 meridional, 3 tangential on 
crown and 4 meridional and 4 tangential on the root) in tests (a ),
(b) and (c ) .  The gauge locations are shown in figure 19.
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RN/N+1 root between N and (N+1) crowns.
Figure 19. Layout of rosettes on bellows sheet development.
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In the previous experimentation using the Denison tensometer 
with strain readings collected via an Intercole Systems' modulog, 
there was suspected evidence of the effects of cross-sensitivity  
between the gauges in the 90° rosettes. As e fforts  to obtain the 
values for the cross-sensitivity from the manufacturer were 
u n fru it fu l ,  i t  was decided to carry out a fringe, but nevertheless 
important, experimental work. This additional work was aimed at
determining the value of the cross-sensitivity for the rosettes and 
was done simultaneously with that of the axial tes t.
As i t  was essential that such an experiment should be conducted 
in a uni-axial strain f ie ld ,  i t  was inappropriate to use the strains 
measured on the convolutions. Therefore, strain gauges were also 
mounted on the jacking bars. This was done by mounting a pair of 
90° rosettes together with a single axial gauge on each of the 3
jacking bars thus making'a total of 23 strain gauges.
The bellows used was f i t te d  with flanges welded to stub-ends. 
The flanges were roughly d r il led  to B.S. 10 table D and the
bellows, supplied by Messers Vokes Limited, was type GB 9906/1/2/07  
with details as shown in figure 20.
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Precision measuring instruments were used to take measurements 
of the dimensions shown in figure 20, except for the thickness of 
the p lies , for each convolution. The average of each dimension was 
taken to provide the dimensions for the model used in the 
theoretical analysis.
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3.1  S train  gauges
The strain gauges used in the experimental strain measurement on the 
bellows were 90° rosettes of type designation FCA-2-17
which are temperature compensated for stainless steels. The axial 
single strain gauge was of type PL-10-11. All gauges were precision 
types and were made by TOKYO SOKKI KENKYUJO CO., LTD. The adhesive 
and coating material were CN and N-l respectively, a l l  of which were 
made by the same firm as the gauges.
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3 .1 .1  Preparation of Surfaces fo r S tra in  Gauge Sites
(a) Expected finish on the surface 
of gauge sites.
(b) Longitudinal scribe on gauge sites.
(c) Mounted strain gauge on site. 
Figure 21. Attachment of strain gauges.
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The convolutions were individually cleaned with acetone solvent 
applied with industrial tissue paper. The external surfaces of the 
convolutions were repeatedly cleaned in this manner until no more 
d ir t  registered on the tissue paper. In order to avoid the
possib ility  of condensation on the prepared convolution surfaces, i t  
was necessary to repeat the cleaning procedure as described above 
for each gauge s ite  just before the gauges were attached. Once 
cleaning was complete, the whole bellows was then blow-dried with a 
fan heater and only 10 minutes was allowed before the attachment of 
the strain gauges was commenced. Due to the d i f f ic u l ty  of attaching 
the gauges, they had to be attached one at a time. Sites were
chosen on the surfaces of the outer crowns and roots of the outer 
convolutions to locate strain gauges. Each strain gauge s ite  was 
cross-ground with a fine emery, a final stroke of the emery being 
given in each of 45° directions to give a surface fin ish  such as 
shown‘ in figure 21a. This was necessary to provide e ffec tive
bonding between the bellows' surface and the gauge mounting pad. 
The sites were then scribed longitudinally with the aid of a
scribing tool and a metal strip  bent round the form of the
convolutions. Providing a tangential scribe was unnecessary since 
the strain gauges came mounted in backing pads carrying a pair of 
perpendicular axes. Figure 21b shows the prepared s ite  while figure  
21c shows the gauge mounted on the sites. Gauges mounted in this  
way were correctly aligned on sites located on the convolution
crown, but the same successful alignment could not be repeated for
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those sites located in the root. A d iffe rent method of attachment 
of such gauges was therefore needed, and this w il l  be described more
Adhesive was generously applied to both the s ite  and the gauge 
mounting pad, one gauge being done at a time. The gauge was then 
carefu lly  located on the sites with a pair of tweezers, aligning one 
gauge axis along the scribe while visually ensuring that the other 
gauge was as much as possible on the desired tangent. This was 
s t i l l  necessary despite the existence of a pair of perpendicular 
axes on the pad because the mounting pads were f le x ib le .  Once 
located in this way, the pair of gauges was held down with a l i t t l e  
pressure applied via a ’ glue-proof plastic sheet supplied with the 
gauges and a piece of foam rubber held between the thumb and the 
f i r s t  f inger. This pressure was maintained for about 3 minutes 
before proceding to another s ite . This method proved successful 
with those gauges located on the crown of the convolutions. I t  was 
not, however, used for attaching those gauges sited on the root. 
This was because of access d i f f ic u lt ie s  which also made visual 
location of the gauges d i f f ic u l t  when the foam rubber was 
introduced. Luckily, the dimensions of the convolutions were such 
that a 5 mm diamater steel rod closely f i t te d  the longitudinal
la te r  in the next section
3 .1 .2 Attachment of Strain Gauges
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curvature of the roots. This was then bent around the stub-ends to 
give the required tangential curvature of the roots ( id e a lly ,  a 
glass rod should should have been used to improve v is ib i l i t y  but 
there was none available). This rod was then used in place of the 
foam rubber and instead of pressure from fingers, the rod was simply 
placed over the glue-proof sheet once the gauge was in place and the 
glue was 10 seconds old in exposure to prevent the gauge being 
dislodged from the sites. The rod's * < weight provided the
necessary pressure. Plate 2 shows a picture of the rod used.
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3 .1 .3 r ln 9 ° f  s tra in  gauges
I To dummy gauges 
and Spectra-msHalf bridge 
leads
Section of 
Flange —
Nylon
wiring blocks
Intermediate leads'
Gauge terminals
Gauge leads
Section of 
convolution
Figure 22. Wiring of strain gauges.
Once the strain gauges were In place, the task of wiring commenced. 
The strain gauges used were small so as to f a c i l i t a te  s it ing  on the 
convolutions. The leads from the strain gauges were fine and short, 
these leads being only about 35mm long and 0.3mm in diameter.
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F irs t ly ,  the gauge leads were insulated one from the other by 
passing each lead through insulating sleeves obtained by stripping  
the ribbon cables. Then gauge terminals were positioned as fa r  away 
from the gauge sites as the short leads could allow to prevent 
possible interference with the deflection of the hosting convolution 
around the sites. There were enough convolutions to permit s it ing  
of gauge terminals on those convolutions which did not carry strain  
gauges. Some terminals do have holes to f a c i l i ta te  soldering of the 
t iny leads. The terminals supplied with these gauges had no such 
holes and were, therefore, not always easy to solder successfully. 
This was not expected to affect the experimental results as each 
terminal was checked for gauge resistance once the gauge leads had 
been soldered on, with the AVO meter switched to measure ohms. The 
terminals were glued to positions using Araldite  (Epoxy resin 
adhesive). As shown in figure 22, intermediate leads were soldered 
to the terminals and subsequently connected to wiring blocks. Once 
connected to wiring blocks, the gauges were checked again for  
resistance across terminals which should be around 120 ohms and also 
resistance to earth which should be in f in i te .  The wiring blocks 
were used to protect the frag ile  gauge leads against possible damage 
due to tugging on instrument leads during the experiment.
3 .1 .4 Strain gauge instrumentation. rr
~
Strains registered at the gauges were recorded using the 
Intercole Spectra-ms data logging system. Supplied by Intercole  
Systems Limited, the Spectra-ms is a microprocessor controlled, 
precision measurement and control module which is capable of 
communicating with a host computer via a d ig ita l 'b i t - s e r ia l '  data 
l in k .  The host computer is an IBM pc compatible computer complete 
with a dot-matrix prin ter. The module is powered from mains 
e le c t r ic i ty .  A Spectra-lab software also supplied by Intercole  
enables the Spectra-ms to be menu driven in terac tive ly . As this was 
the only data logger of i ts  kind in the department, i t  was necessary 
to mount the bellows rig  on a transporting tro lley  so that the rig  
could be moved to any reasonable location where the data logger may 
have been in use. A group system of reference enables d if fe re n t  
experiments to be carried out simultaneously on the spectra-ms. 
Plate 3 shows the multiplexed link between the gauges and the 
Spectra-ms known as the 5 Pole Termination Card.
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3 .1 .4 .1  The 5 Pole terminal board type 1SQ5
This board provides the f a c i l i t y  to connect any quarter, half  
or fu l l  bridge transducer. Screw terminals are situated on one face 
of the board with each channel of data having f ive  of these 
terminals. A removable aluminium cover keeps wiring in place whilst  
f i t t in g  the board into the Spectra-ms cage. The ha lf bridge 
connection was used for a ll the gauges and figure 23 shows the half  
bridge transducer connection for a typical channel. This 
connection, known as the "Half Bridge 5 Wire" minimises errors 
introduced by the resistance of the leads from the strain gauges.
ACTIVEDUMMY
JIM
S-
S+
B2
Figure 23. Half bridge connection 
fo r the Spectra-ms.
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Each board is capable of a total of 16 data channels. In a l l ,  
two boards were used and with the group system, this meant that only 
the f i r s t  9 channels (0 through to 8) were used up for this purpose 
of the work on cross-sensitivity on the f i r s t  board, while the f i r s t  
14 channels (16 through to 29) on the second board were used for 
strains in the bellows convolutions. Table 1 shows the details  of 
the connected terminals together with the assigned data types.
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Table 1. D e fin it io n  of s tra in  channels in Spactra-ms.
Channel No. Gauge Type Location.
0 Axial single Jacking bar -  1
1 , ,  Jacking bar - 2
2 , ,  Jacking bar -  3
3 Axial rosette Jacking bar -  1
4 Lateral , ,  Jacking bar - 1
5 Axial , ,  Jacking bar - 3
6 Lateral , ,  Jacking bar -  3
- 7  Lateral , ,  Jacking bar -  2
8 Axial , ,  Jacking bar -  2
16 Tangential rosette Crown -  1
17 Meridional , ,  Crown - 1
18 Meridional , ,  Crown -  9
19 Tangential , ,  crown -  9
20 Meridional S3 Crown -  5
21 Tangential s, Crown - 5
22 Meridional , ,  Root - 6
23 Tangential , ,  Root -  6
24 Meridional , ,  Root - 7
26 Tangential , ,  Root -  7
26 Meridional , ,  Root -  5
27 Tangential , ,  Root -  5
28 Tangential , ,  Root -  3
29 Meridional , ,  Root -  3
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3.2 Determination of rosette c ross -spns it iv ity  Kt
This fringe experiment was conducted simultaneousely with the 
axial tes t. Therefore, £he procedure was identical to that 
described in section 3.3 for the axial tes t.
3.2.1 Resu lts and determination of
After a ll  the gauges were cycled to reduce the e ffec t of 
hysteresis, further measurements were made of the strains in the 
jacking bars at a ll  loads in the axial movement tests (Compression 
and Extension tes ts ) .  The strains in the single axial gauges on the 
jacking bars were expected to give similar strain figures to the
rosette strain gauge aligned with the axes of the jacking bars.
However, the fr ic t io n  between the adjusting nuts and the lugs proved
to be quite considerable even at low load regions. Consequently, 
the bars were under some bending moments which, meant that the 
resulting strains for the two types of axial gauges were not s im ilar  
and the strain from the single axial gauge could not be used to 
determine the axial spring rate of the convolution. This was not 
considered as a setback since the purpose of this part of the 
experimental work was not expected to be affected by the accuracy of 
the measured axial strains in the jacking bars. As Kt is
independent of the axial movement type, i t  was decided not to modify 
the rig  to eliminate the e ffec t of the bending of the bars. The
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following Table 2 shows strains which were measured on a jacking bar 
from its  pair of rosette strain gauges.
Table 2. Measured strains in rosette strain gauges 
mounted on jacking bar 1.
Axial strain ( e j  Transverse strain ( e.) 
(Jtl-strai ns) (/1-strains)
7.2 -5 .8
7.6 -6 .7
9 .6  -6 .2
11.0
13.0 
25.4
31.2 -12.5
34.1 -13.0
40.3 -15.8
The appropriate plot showing the variation of the transverse 
strains (e t ) with axial strain in the uni-axial strain f ie ld  in the 
jacking bar is shown in figure 24. The plot, gives a gradient of 
-0.306 which, when used with Appendix B, gives : -
(v - Kt ) /  (vKt  - 1) = - 0.306
Using Poisson's ra tio  of 0.30 gives : -
Kt  = - 0.007
-6 .7
-7 .2
- 11.0
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£ ( p-strains )
Figure 24. Graph of S0° rosette strain readings 
in uni-axial strain fie ld.
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3.3 Axial test procedure
The bellows' overall length was set by adjusting the nuts on 
jacking bars until the distance over the f i r s t  and the sixteenth 
crowns measured on the vernier was 7.5 inches on a ll  three segments 
of convolutions between jacking bars ( the bellows convolution was 
manufactured to imperial units ). The bars were locked in this  
position with nuts on opposite sides of the ca rr ie r  lugs.
The.test mode was selected on the Spectra-ms to check a ll  the 
channels. In this mode, any channel with fau lty  connections would 
register d r if t in g  voltage or strain values dependingonfe option 
selected. I f  any channel was found to be fau lty , the test procedure 
would be interupted and the fa u lt  located and corrected before 
proceeding to the next channel. This procedure was followed until  
a l l  the channels had been tested successfully. This test procedure 
became routine, as recommended by Intercole Systems, before 
proceeding to the measurement mode. The“measure"mode was selected 
on the data logger with new autobalance and in i t i a l  readings taking 
on a ll groups. The manual scan option was selected with the monitor 
switched to enable the strains in channels 16,17,18,19,22,23,28 and 
29 to be observed throughout the measurement. This was a necessary 
precaution against possible overloading of the bellows. The lower 
nuts of the upper pair of nuts on the jacking bars were unlocked to 
enable the bellows to be compressed a x ia l ly .  A red marker was used
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to mark the in i t ia l  position of the adjusting nuts on the carr ie r  
lugs for each bar. The bellows was then ready for the compression 
axial tes t. The in i t ia l  length over the bellows end convolutions 
was taken on the vernier to ensure that the s ligh t hysteresis
noticed in the DTIs did not indicate a change in the bellows overall
length. The upper nuts of the upper pairs of securing nuts were 
turned until a ll the DTIs registered 0.05 mm. This axial 
compression was recorded and the data logger was activated to scan 
the channels. This completed the f i r s t  strain measurement due to a 
prescribed axial movement. This procedure was repeated until the 
monitor showed a reading of about 1350 u-strains in channel 28. 
This was around the figure taken as the lim it in g  strain  
corresponding to 70 percent of y ie ld  represented as a 2 percent 
proof strength for stainless steel grade 321 (or EN 58B). This
corresponded to an axial movement of about 0.38 mm reading on the
DTIs.' In this way, a total of 8 data points were possible besides 
the in i t ia l  scan. The bellows was returned to the original set 
length in the reverse manner in which the compression was done. At 
each point, a ll the measurements made for the loading case were 
repeated for the unloading case to look for possible hysteresis in 
the bellows material, and in instruments, with the DTIs rezeroed so 
that the pointer was able to read unloading,thus completing one load 
cycle. In order to minimise gauge hysteresis, 4 more load load 
cycles were carried out without data scan but applying the same 
loading and unloading rate , allowing about 2 minutes between each
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loading and the corresponding data scan. A sixth load cycle was 
scanned for use in the experimental analysis and presentation. The 
procedure for the tensile test was the same except for the fact 
that, this time, the upper pair of nuts on the jacking bars were 
wound upwards along the bars in small steps until the desired 
readings were obtained in the DTIs. This procedure proved to be a 
very slow process but i t  was the only way known at the time.
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3 .3 .1 Axial te s t  results
Tables 5 and 6 show the average results of strains due to axial 
compression and extension of the bellows respectively. The values 
presented are the average of strains measured in the loading and 
unloading cases.
Table 3. Measured strains due to axial compression.
Axial compression Meridional strains Tangential strains
convolution (U-strains) (JJ-strains)
(mm) Crown Root Crown Root
*  0.00 0 -80 -18 1
0.03 56 -116 -2 -13
0.06 115 -194 7 -27
0.09 174 -273 16 -39
0.13 231 -357 25 -54
0..16 284 -•445 34 -70
0.19 341 -526 42 -84
0.22 399 -605 51 -96
0.25 456 -683 60 -109
0.28 516 -753 69 -120
0.31 573 -833 75 -135
*  -  This row of measurements refers to unloading to zero of axial 
compression as indicated by the DTI readings (aproximately) and the 
return of the adjusting nuts to the marked starting points.
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Table 4. Extension te s t  resu lts .
Axial extension Meridional strains Tangential strains  
per convolution (p-strains) (p-strains)
(mm) Crown Root Crown Root
0.00 0 0 0 0
0.03 -62 30 -8 13
0.06 -134 93 -14 29
0.09 -209 156 -28 33
0.13 -261 259 -36 50
0.16 -295 380 -51 72
0.19 -335 500 -59 91
0.22 -412 554 -67 100
0.25 -468 646 -75 118
0.28 -543 696 -87 126
0.31 -577 826 -102 149
*This row of measurements refers to unloading to zero of the axial 
extension as indicated by the DTI readings (approximately) and the 
return of the adjusting nuts to the marked starting positions. All 
other strain values in the table were then obtained by substracting 
the residual strains from the indicated strains.
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Figure 25. Comparison of theoretical and measured 
strains due to axial movement.
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3 .4 Pressure te s t  procedure
During the axial displacement tests the bellows was not f i l l e d  
with the pressurising medium -  water. The h y d ro -f i l l in g  of the 
bellows was l e f t  until the pressure test was due. This was to avoid 
pressurising the bellows inadvertently during the axial displacement 
test when the bellows enclosed volume changes in accordance with the 
axial displacement. To do the pressure tes t, the water supply to 
the bellows was connected to the supply pump. The iso lating valve 
S.V. (Supply Valve) was opened and water pumped into the bellows 
without the pressure gauge connected until the bellows overflowed 
through the pressure gauge connection. This was a precaution to 
ensure that a ll the a ir  was expelled from the bellows before 
pressurising for safety. Once f i l l e d  with water in this way, the 
pressure gauge was connected and the distance over the 1st and 16th 
crowns checked with the vernier and fixed at 7.5 inches, as 
described for the axial test. This was necessary to minimise the 
e ffec t of hydrostatic pressure on the salient dimensions of the 
convolutions which would be used for the theoretical analysis. I t  
would also avoid inadvertent increase in the bellows pitch, which 
has a strong influence on the onset of the in s ta b i l i ty  (SQUIRM) of 
the bellows. In addition, at every pressure stage, the length over 
the bellows end flanges was checked and adjusted to give the 
starting length before pressurisation by re-zeroing the DTI s. The 
channels were then scanned at every pressure stage begining from 0
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psi to a maximum of 60 psi at incre ments of 5 psi. The scanning 
was repeated for the depressurising procedure thus completing one 
load cycle of pressure testing. Four additional pressure test  
cycles were carried out without scanning with the data logger to 
minimise the hysteresis of the gauges before a final sixth cycle 
which was recorded for analysis and presentation.
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3 .4 .1 Pressure te s t  results
Table 5 shows the average of the measured stra ins in the
pressurising and depressurising tests . Although the internal
pressure figures are presented in the pressure gauge used
was calibrated in p s i • The unit of MPa has been chosen to use
the international standard for engineering units.
Table 5. Measured strains due to internal pressure.
Internal pressure Meridional strains Tangential strains
( M R a )
Crown
(JU-strains) 
‘ Root Crown
(JU-strai ns 
Root
0.00 -1 .5 -19 -7 -5
0.069 -20 -43 -2 0
0.104 -46 -103 -1 1
0.138 -63 -149 0 0
0.172 -80 -191 -1 1
0.207 -101 -233 0 0
0.241 -120 -279 0 1
0.276 -125 -307 3 1
0.310 -143 -350 2 2
0.345 -158 -388 3 2
0.379 -167 -419 5 4
0.414 -185 -451 5 4
*  This row of measurements refers to unloading to zero internal 
pressure as indicated by the pressure gauge reading and the return 
of the adjusting nuts to the marked starting points.
Figure 26 shows the comparison of the measured strains with the 
theoretical bending strains from the program SAMBA2.
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Figure 26 (a) Comparison of measured strains due to
internal pressure with corresponding theoretical 
bending strains using computer program SAMBA2.
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Figure 26 (b) Experimental superposition of elastic strains.
(m erid ional s tra in s  in bellows crown on ly )
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3.5 Combined pressure and axial te s t  procedure
e
The procedure for the combined test was essntia lly  the same asA
that described for the pressure test except for a few differences. 
F irs t ly ,  once the DTIs had been zeroed at each pressure stage, an 
axial compression of 1.0 mm was then added before data scanning. 
Also, due to the small hysteresis in the DTIs i t  was not thought 
necessary to do the unloading case, as controlling the DTIs was a 
d i f f i c u l t  task even in the loading test.
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3 .5 .1 Combined pressure and axia l te s t  results
The results of the strain measurements for this final tes t are 
presented in table 6. As before, average values of strains are 
presented for a ll the strain gauges used and no unloading 
measurements were made.
Table 6. Measured strains due to combined internal pressure 
and axial compression of 0.06mm per convolution.
tternal pressure
(MPa)
Meridional strains  
(JJL-strains) 
Crown * Root
Tangential strains  
(jl-strains)  
Crown Root
0.00 113 -145 16 -25
0.069 88 -179 17 -24
0.138 80 -189 18 -27
0.207 46 -249 18 -25
0.276 16 -312 15 -25
Figure 26(b) shows the comparison of the measured strains due to the 
combined effects of internal pressure and an axial compression of 
0.06 mm, with the theoretical predictions by superimposing the 
results from SAMBA1 and SAMBA2.
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3.6 Discussion of experimental results
The experimental r ig  has been designed with the objectives of 
the experiments closely considered at every stage. This was to 
ensure that the result which would be subsequently presented 
reflected the salient elements of measured strains due to axial 
movements and those due to internal pressure. Like a ll  known 
pressure vessels, bellows are expected to be ammenable to the 
application of the principle of superposition of e las tic  strains. 
However, i t  was necessary to demonstrate this important property 
experimentally. Therefore the r ig  was constructed to make this  
possible. Even this simple rig  described in detail in the beginning 
of this chapter, was not without its  d i f f ic u l t ie s .  The differences  
between the experimental and theoretical results may not have been 
entire ly  due to the geometric differences between the actual bellows 
used in the experiment and the mathematical model used in the 
theoretical analysis. This aspect of geometric sources of error 
w il l  be discussed la te r .
The most important rig  defect! is in the use of adjusting nuts 
without an intervening spherical washer. These spherical washers 
are widely used by bellows manufacturers to reduce bending moments 
in t ie  bars which are used to contain bellows end thrust due to 
internal pressure. When properly lubricated, these spherical 
washers reduce bending moments due both to f r ic t io n  between
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adjusting nut and carrier lug and to stiffness of the jo in t  at the 
c a rr ie r  lugs. In the absence of these washers, the adjusting nuts 
were sometimes d i f f i c u l t  to adjust. Consequently, there may have 
been inaccuracies in the application of axial movements as e rra t ic  
turns of the adjusting nuts frquently meant that the intended amount 
of axial movements were exceeded. Efforts to restore the movement 
to the required level by unwinding the nuts until the DTI gauges 
gave the correct readings cannot be expected to be to ta l ly  
successful due to the hysterisis of the DTI gauges.
The problem of s t i f f  jo ints  in the axial adjusting mechanism 
was even more acute during internal pressure tests . As internal 
pressure was applied, the bellows expanded a x ia lly  and this was 
indicated on the DTI gauges. Returning the bellows to the starting  
length by adjusting with the nuts grew progressively d i f f i c u l t  with 
increasing internal pressure. The small tangential strains recorded 
from 0.276 N/Sq.mm onwards may have been caused partly  by the 
over-compensation of the axial extension which follows the 
application of internal pressure and partly  due to the 
cross-sensitiv ity  of the rosette pa ir . Over-compensation also arose 
because there was a noticeable e lastic  tw ist of the bellows as the 
axial growth of the bellows was compensated. This twist grew larger  
as the pressure increased and the nuts became even more d i f f i c u l t  to 
turn. As the magnetic bases of the DTI gauges were attached to the 
lower end flange and the length of the bars remained re la t iv e ly
page 129
constant during the twisting, the bellows was then temporarily 
shortened, therby introducing errors due to the hysterisis of the 
DTI gauges. The twisting problem can be minimised by introducing 
loacating box sections with packing introduced between the box 
sections to take up any slack due to the locating f i t  between the 
sections. Figure 27 (a) and (b) show the recommended jo in t
arrangement and the an ti-tw is t device respectively.
In spite of the sources of errors due to the defect in the r ig  
design and construction discussed in the preceding paragraphs, the 
graphs shown in figures 25 and 26 show remarkable agreement between 
theoretical and measured strains. The main source of difference  
being due to the difference between the idealised model of the 
convolution used in the theoretical analysis and the actual bellows 
used in the experimentation. This aspect has been more extensively  
discussed in theory presented in chapter 2 and w il l  not, therefore, 
be further discussed in this section.
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Adjusting nut 
.Spherical washer 
Spherical seatCarrier lug
(a) Recommended jo in t 
on jacking bar.
Rig locating plate
Upper blanking flange
Outer
box tube
(b) Recommended telescopic 
an ti-tw is t device.
Packing.
Inner
Lower blanking flangebox tube
Figure 27. Schematic drawing of recommended rig modification.
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Chapter 4
Parametric formulation and design.
Experience in a manufacturing environment showed that a lo t  of 
technical information is expected from the manufacturer of the 
expansion bellows by the user. Information gathering for 
presentation to the customer is a time consuming task and the 
manufacturer is not expected to charge for the cost of design 
information presentation over and above the shelf cost of the 
bellows units. Bellows are safety devices and quite r ig h t ly ,
therefore, users w ill  always ask for detailed information about 
the ir  performance characteristics. For large orders which can be 
manufactured economically, the cost of design and information 
gathering may be easily covered. But there are orders which are so 
small that this is no longer possible and the manufacturer may then
be unwilling to accept such orders. I t  may be that sometimes, the
user, in the l ig h t  the small size of the order, overlooks the 
requirement for thorough information about the bellows units. 
Nevertheless, users are increasingly becoming insistent on obtaining 
a ll the necessary information about bellows, expecially in the 
aftermath of the Flixborough disaster which was caused by the
misapplication of bellows.
I t  is the view that, i f  the design procedures available to
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designers and engineers were su ff ic ien tly  simple and appropriate, 
not only would customers benefit by being able to ensure that they 
got a ll  the information pertinent to the purchased bellows un it , but 
manufacturers would not be hindered in accepting small orders. For 
capital project designers, this means that they would always be more 
prepared to use bellows where appropriate and not wait until the 
design needs a large enough number of bellows to require an order. 
This chapter presents a systematic analysis of the results of 
extensive computer modelling of the bellows expansion jo in t  to 
arrive at basic and easy to apply parametric formulae for an
e ff ic ie n t  assessment of important performance c r i te r ia  of the
bellows unit. The formulae have been derived to ensure that only a 
single A4 design form w ill  be necessary to provide a l l  the
performance characteristics of the bellows. F irs t ly  though, a 
review of some of the existing design methods w il l  be presented.
4.1 Kelloggs method of bellows design.
I t  appears as though the f i r s t  real attempt to formally provide 
a basis for predicting the performance of bellows was published by 
M.W. Kellogg & Company in a book on the "Design of piping systems" 
[10 ]. Evidence found among documents held by Messers Vokes Limited 
also showed that Esso Petrochemical Company published a book
containing a similar procedure for the design of bellows, possibly
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at a la te r  date than Kellogg's. Lack of adequate information on the 
Esso book meant that i t  could not be traced for study and is not,
therefore, going to be discussed any further. I t  was c learly  the
fact that expansion bellows were resorted to when very extensive 
pipe structural analysis had been carried out which showed that 
tnere would, be excessive forces at pipe anchorages (possibly
plants), and traditional means of providing additional f l e x ib i l i t y  
to reduce the stress levels had e ither been unfru itfu l or impossible 
due to lack of space. Other reasons for considering the use of 
bellows are better presented as follows:-
(a) where pressure drops in pipe loops w i l l  mean bigger pumps 
and surge vessels w ill  be used, thereby making the use of 
bellows cost e ffective .
(b) where use of bellows with internal sleeves w ill  reduce
turbulence to an acceptable leve l.
(c) where the reaction forces calculated during pipe structural 
analysis show excessive levels which may cause damage to plants 
or for the economic design of terminal plant and foundations.
(d) where, as in engine manifolds, the isolation of vibration  
is essential.
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(e) where economics of design favour bellows as against 
conventional devices -fo r  example, in compensating for 
movements in large diameter pipes.
( f )  where plant layouts show excessive area or building volume 
and the ju s t i f ic a t io n  is similar to (c) above.
(g) where the original design of the plant did not envisage the 
problem of and provision for expansion, so that conventional 
s t i f f  design can not be used.
The information provided in [10] was probably the best amongst 
contemporary methods of bellows analysis. So much so that i t  was 
the basis of comparison in a work published by Hamada e t .a l .  [11 ], 
in a study of the pure bending of U-shaped bellows la te r  in 1966. 
Thus the Kellogg's approach requires some in depth treatment at this  
point. The most important property of bellows is i ts  a b i l i ty  to 
contain expansion in pipe syterns and this is measured by the number 
of cycles Nc of such expansion movements the bellows is able to 
contain without developing a leak. The Kellogg's formulae for cycle 
1 i f  e i s : -
k, 0.8x106 ) 3' 5
C = I  JV J
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where, fo r  free bellows without reinforcements,
3 E t  A p w2
S = -------------  +   ( lb/sq.in )
/ (  q vP  ) 2 t 2
The spring force 1F 1 for a given movement is given as:-
2 E D t 3 A 
F = -----------------
3 / (  q v/ 5 )
where D is the mean diameter of the convolutions of the bellows.
The most strik ing deficiency of the Kellogg's procedure is that 
i t  presents no means of ensuring that the bellows w il l  be stable 
under the internal pressure for which i t  has been designed. This 
may have been due not to any lack of knowledge of the problem of 
in s ta b i l i ty  of bellows under internal pressure, but to the absence 
of re liab le  theoretical or empirical means of predicting the 
l im it ing  design pressures. Indeed, the fact that they provide a 
method of equalizing the movement of the bellows over the 
convolution is probably an indication that Messers Kelloggs 
acknowledged that in s ta b il i ty  results in the uneven d istribution of 
the bellows movement over the convolutions.
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4.2 E.J.M.A. method of bellows design
In the late  1960's a group of American manufacturers of 
expansion bellows got together to form a committee to deliberate on 
the possible standardisation of bellows design procedure. The 
committee came up with the now widely used Standard of the Expansion 
Joints Manufactures Association (E .J .M .A.). In a wider sense, the 
resulting E.J.M.A. also covers, among other aspects, the 
application of bellows. Some relevant material from E.J.M.A. is 
dicussed in this section.
The formulae were based on works by Anderson [o p .c i t . ]  which he 
prepared for Atomics International. In the E.J.M.A. the formula 
for the sustainable l i f e  of the bellows in metric units is given 
as:-
It is interesting to note that' the metric equivalent of the 
Kellogg's formula becomes:-
5724 ^3‘5
5517 ^3“5
Nc S.T
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I t  is a possib ility  that the E.J.M.A. formula for cycle l i f e  
is a modified form of the Kellogg's formula, as Anderson also used 
the L'fe formula on which the Kellogg's formula appears to 
have been based. The r e la t i o n s h ' i p , may joesUted  <as;-
. - / < !  ' \  /  r; ..... * .
N 4 = K ST . \ O' ' <-•,;/ ^
where K is a constant determined from stress/cycle plots and 
s ta t is t ic a l  analysis of data obtained from actual tests. This 
la t te r  point is important and the E.J.M.A. standard also stresses 
that the constants in the cycle l i f e  formula i t  provides must be 
obtained through tests by individual bellows manufacturers. Another 
point worth noting is that the value of S  ^ corresponds to the total 
length of stroke over the convolution. The relevant E.J.M.A. 
formula for is
ST = 0.7 ( S3 + S4 ) + S5 + S6
where, is the meridional direct stress due to internal pressure
S4 is the meridional bending stress due to internal pressure given 
as
2n
is the meridional direct stress due to a total axial equivalent 
movement 1e 1 given as
E t 2 e 
2 '.A/3  c.
S6 is the meridional bending stress due to ‘e 1 given as
5 7T t e 
=  -
3  v / ° d
All but one of the above defined stresses have th e ir  origin in 
Anderson's work. The exception is S£, which was not included by 
Anderson probably because i t  is always very much smal le r  than . 
The expression for is also d iffe rent being given by Anderson as
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Sj  = S., + S4 + 0.5 Sg I
!
This is probably due to the fa c t.th a t Anderson considers only actual
deflection instead of the total length of travel from compression to
extension. Thus in the E.J.M.A. standard the pressure stresses
w ill  only be additive in one half of the movement considered while j
i t  w il l  tend to reduce the level of S- and S_ in the other ha lf of5 6
the movement. The constants C^, C£ and are read from graphs.
The E.J.M.A. formula for the spring force per convolution of 
the bellows 'Fill' is given as:-
1.7 D E t 3 n
FlU =  :--------
w3 c f
Experience in the design and testing of prototype bellows has shown 
this to be suff ic ien tly  accurate to within 15 percent of the actual 
spring force . The calculated result of FIU is then combined with 
relevant geometric factors to obtain the forces corresponding to the 
various movement types of axial and la te ra l deflections and 
angulation.
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Lastly, the E.J.M.A. formula for the lim it in g  design pressure
'P 1 which ensures that the bellows unit does not become unstable s
under internal pressure is given as
The E.J.M.A. standard states that the pressure at which in s ta b i l i ty  
- indicated by the "squirm", uneven deflection of the convolutions - 
actually occurs may be as high as 2.25 times the value of P^. In 
this case, experience with prototype bellows shows that this is  
never achieved, due possibly to two reasons. F irs t ly ,  even the 
carefully  b u il t  test rigs cannot ensure that the bellows are tru ly  
axial when mounted for squirm tests . Secondly, and probably more 
importantly, the theoretical model re lied  on the crude assumption 
that the characteristic continuum quantity "EI/L" could be estimated 
from : -
0.3 it FIU
Ps N2 q
E I FIU ( D ^2
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4.3  Parametric formulae fo r bellows stresses
The computer programs SAMBA1 and SAMBA2 have been used to draw
up stress variations due to the two principal load types of internal
pressure and axial movement. Linder these loads, the salient
geometric parameters of Dj, w, q, and t  have been varied in turn to
establish how the stresses vary p a r t ia l ly  with respect to each 
parameter. In addition, the parameters have been further varied to 
establish the way in which these combine to give various stresses. 
To ju s t i fy  the la t te r  procedure, consider a stress a which is a 
function such that
a = G[ f 1 ( 0 j), f2(w), f3(q), f4(t)]
I f  = constant or {Dj ), a function of D. only, then i t  is
clear that the for this to be true for a l l  values of the other 
paramaters the arithmetic operator between f^(D. ) and the remaining 
functions is e ither a "+" or a The exact sign depending on the
sign of 3e/3D. • I f ,  on the other hand,
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then the arithmetic operator between f^D..) and the remaining
functions is e ither a "x" or 'V 1. The exact sign depends on the 
nature of 9S/3D. .i
The energy method presented in Chapter 2 is such that the 
boundary bending moment M- can be found in terms of the boundary 
direct force H q. I f  equation 20 is used, i t  would give M Q in terms 
of but the resulting expression w ill  be so complicated that the 
objective of this Chapter w ill be defeated. That objective is to 
provide formulae which are simple enough to be handled with an 
electronic pocket calculator. However, the graphs in figures 15 and 
16 are used here. Once these parametric formulae are derived, 
equations 21, 22 and 23 (a-c) are then used to evaluate the stress
resultants. In this way, i t  is possible to study the variations in 
the stresses throughout the pro file  of the convolution as well as 
evaluating the maximum values.
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4 .3 .1 Parametric varia tion  of Hn and M0
due to axial movement
The following tables have been constructed from the outputs of 
the programs SAMBA1 and SAMBA2. All the symbols used are the same 
as those used in the theory. The follwing data are common to a ll  
the tables : -
E = 200 000 Mp<3 5 v -  0.30, 2.U — O'Srnno
Table 7. Variation of H0 and M0 with D}‘
(w = q = 22.0mm, n = 1, t  = 0'.50mm)
(inm)
Ho M'
(l\l/mmj
y
(N.mm/mm)
100 . 0 .303 -3 .4 3
150 0.299 -3 .3 6
200 0.294 -3 .2 8
250 0.288 -3 .2 1
300 0.281 -3 .1 2
350 .0.273 -3 .0 3
400 0.265 -2 .9 4
450 0.256 -2 .8 4
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Table 8. Variation of H0 and M0 with q.
( Di = 150.0mm, w = 22.0mm
n = 1, t  = 0.50mm
q H0
(mm) (N/mm) (N.mm/i
12 0.354 -3.95
14 0.342 -3.82
16 0.330 -3.69
18 0.319 -3.57
20 0.309 -3.46
22 0.299 -3.36
Table 9. Variation of H0 and M0 with w. 
(Di = 150.0mm, q = 12.0mm, 
n = 1, t  = 0.50mm).
w H0 Mo
(mm) (N/mm) (N.mm/mm)
12 1.495 -9.08
14 1.067 -7.57
16 . 0.782 -6.34
18 0.588 -5.36
20 0.452 -4.58
22 0.354 -3.95
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Table 10. Variation of H(
(Di = 150.0mm,
n = 1 ) .
f and M0 with t ,  
w = q = 22.0mm
t H0 Mo
(mm) (N/mm) (N.mm/mm)
0.50 0.299 -3.36
0.75 0.977 -10.97
1.00 2.217 -24.89
1.25 4.104 -46.07
1.50 6.667 -74.84
1.75 9.882 >110.94
2.00 13.697 “153.75
Table 11. Variation of Hc and M0 with w. 
(Di = 150.0mm, q = 12.0mm, 
n = 1, t  = 1. 0mm)
w Ha" Mb
(mm) (N/mm) (N.mm/mm)
12.0 7.339 -44.59
14.0 5.840 “41.42
16.0 . 4.644 -37.65
18.0 3.708 “33.83
20.0 2.983 -30.24
22.0 2.421 -26.99
25.0 1.801 -22.82
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Table 12. Variation of Ha and M0 with m
(Di = 150.0mm, w = q = 22.0mm
n = 10, t  = 0.50mm).
(N/mm)
i ic
(N.mm/mm)
1 0.306 -3 .6 6
2 0.304 -3 .5 9
3 0.302 -3 .5 2
4 0.301 -3 .4 5
5 0.299 -3 .3 9
6 0.299 -3 .3 3
7 0.298 -3 .27
8 0.299 - 3 .2 2
9 0.299 - 3 .1 8
10 0.301 - 3 .1 4
where m = 1, 2, n is the position of the ply 
with the innermost ply being m = 1.
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I t  is possible to provide more information on cross-variation  
to find the e ffect of the variation of one parameter on the partia l  
relationship between the fix ing forces and a given parameter as 
explained previously. All the other cross-variations have been 
examined and i t  was found that the variations presented in tables 7 
through to 12 are adequate in establishing the partia l relationships  
and the arithmetic operators between the parameters.
Figures 28 and 29 show that HQ and Mc are re la t iv e ly  invariant
with respect to variations in and q. Therefore these geometric
parameters may be eliminated from the expected expressions for Ho
and Mo. Figure 30 shows a reciprocal proportionality in the
variation of Ho with respect to the depth of the convolution w while
figure 31 shows that H0 is proportional to a power of the ply
thickness t .  Therefore, combining figures 30 and 31, i t  may said
that H varies as the power of t  for the ply being considered and 
o
also varies as the power of the inverse of w. Figure 30 also shows 
that increasing the thickness of the ply from 0.50mm to 1.0mm also 
increases the gradient of the curve at any point along the w axis. 
This means that the reciprocal of the power of w is m ultiplied by 
the power of t  in the expected expression for Hq . A l i t t l e  t r ia l  
and error shows that the correct power l ies  betwwen 2 and 3. Tables 
9 and 10 show that the parametric approximation for Hq may be given 
as
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H- = 0 .0 6 7  :E A ( t / w ) 2-6 (25)
Now, figure 15 shows that the meridional bending moment is zero at 
the mid-point of the annulus. When combined with equation 22c, 
figure 15 gives
ac H1 ■ n 1
0  "  M i — "H i + j l  ( a c 2 . " 8  n 2  y
c " 2  ac '  2
1 . Q 1
rr  ac + 2 c c ~ 4
1 ------------- + H — ---- -— ? b + H — -------------- n/2
0  a _ I L  ' 0  a _ H  c  ° a  - 1
ac 2 c 2 ac 2
I f  Dj >> w , as is the case fore most bellows, then the approximate 
expression for M0 may be written as
= - Hb (b. + q/2) (26)
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4 .3 .1 .1  Comparison of theoretical and parametric stresses
I t  was intended to present this section in graphical form 
orig in a lly  but agreement between the theoretical and the parametric 
stresses is so close that the graphs were inseparable. Therefore 
the output from the computer program SAMBA1 which was modified to 
give the parametric stresses has been given below for the prototype 
bellows used in the experimental work.
167.640015
19.049999
12.700001
0.502900 
0.875000
200000.000000 
•0.300
M.TH PLY 1
Theoretical Fixing force Hn = 0.88257192 N/mm
Theoretical Fixing moment M0 = -8.62690232 N.mm/mm
Parametric Fixing force H0 = 0.92307711 N/mm
Parametric Fixing moment M0 = -8.49687799 N.mm/mm
INPUTS:-  
I .D IA .
CON. DEPTH 
CON. WIDTH 
NO. OF PLIES
2
THICKNESS 
M0V.T. PER CON. 
Y. MOD.
P0ISSQN°S RA'TIO
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"k'kiekJck^k-k'k'k'k'k-k-k'k-k-kirk-k-k'k-k-k-k'k-k'k-k'k'kX-k'k'k-k'k'k 
•k *
*  STRESSES ON THE OUTER SURFACE OF *
*  OF CONVOLUTION CROWN *
*  *
•k-k-k-kk-k'k-k'k'k'k'k-k-k'k'k'k'k'k'k'k'kk'k'k'k-k'kk'kkkkkick'k-k
Theoretical Parametric
Angular Tangential Meridional Tangential Meridional
Positions membrane bending membrane bending
stresses stresses stresses stresses
(Deg.) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm)
0.00 63.3897 -204.6647 66.2990 -201.5800
10.00 62.3475 -203.8424 65.2089 -200.7148
20.00 59.2621 -201.3989 61.9819 -198.1435
30.00 54.2548 -197.4031 56.7448 -193.9386
40.00 47.5197 -191.9681 49.7006 -188.2194
50.00 39.3133 -185.2491 41.1176 -181.1487
60.00 29.9399 -177.4391 31.3140 -172.9297
70.00 19.7360 -168.7649 20.6417 -163.8011
80.00 9.0536 -159.4812 9.4692 -154.0307
90.00 -1.7550 -149.8638 -1.8355 -143.9088
•k'k-k'kk-kick-k'k-k-kick-k'kk'kk'k'k'k'k-k-k'k'k'k'k-k'k'k'k'k'kkk'k
* *
* STRESSES ON THE OUTER SURFACE OF *
*
4- OF CONVOLUTION ANNULUS
i *
-Jr
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
Theoretical Parametric
Annular Tangential Meridional Tangential Meridional
Positions membrane bending membrane bending
stresses stresses stresses stresses
( mm ) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm)
0.00 -1.7550 -149.8638 -1.8355 -143.9088
1.27 -1.7776 -125.0244 -1.8592 -117.7647
2.54 -1.8012 -99.8849 -1.8838 -91.3026
3.81 -1.8257 -74.4336 -1.9094 -64.5098
5.08 -1.8511 -48.6579 -1.9361 -37.3732
6.35 -1.8776 -22.5446 -1.9638 -9.8787
7.62 -1.9052 3.9200 -1.9927 17.9884
8.89 -1.9340 30.7507 -2.0228 46.2434
10.16 -1.9640 57.9629 -2.0541 74.9030
11.43 -1.9953 85.5730 -2.0869 103.9844
12.70 -2.0279 113.5983 -2.1210 113.5060
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•k-k-k'k'k-k-klc-k'k-k-k-k-k-k'k'k-k'k'k-k-k-k'k-kic-k'k'k'k'k'k'k'klck-k-k 
k  k
*  STRESSES ON THE OUTER SURFACE OF *
*  OF CONVOLUTION ROOT *
*  *
k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k
Theoretical Parametric
Angular Tangential Meridional Tangential Meridional
Positions membrane bending membrane bending
stresses stresses stresses stresses
(Deg.) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm)
0.00 -1.7550 113.5985 -1.8355 133.5062
10.00 -9.2844 127.1432 -9.7105 147.7751
20.00 -16.3829 140.3729 -17.1348 161.7128
30.00 -22.8623 152.8742 -23.9116 174.8836
40.00 -28.5679 164.2481 -29.8790 186.8672
50.00 -33.3780 174.1244 -34.9098 197.2734
60.00 -37.2014. 182.1758 -38.9087 205.7570
70.00 -39.9736 188.1315 -41.8082 212.0325
80.00 -41.6525 191.7888 -43.5642 215.8862
90.00 -42.2147 193.0220 -44.1521 217.1857
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-  Output from SAMBA1 continues -
167.640015
19.049999
12.700001
0.640100
0.875000
200000.000000
0.300
Theoretical Fixing force Hc = 1.72679862 N/mm
Theoretical Fixing moment M0 = -16.48820008 N.mm/mm
Parametric Fixing force H0 = 1.72834306 N/mm
Parametric Fixing moment M0 = -16.89705831 N.mm/mm
INPUTS:-
I.DIA.
CON. DEPTH 
CON. WIDTH 
NO. OF PLIES
2
THICKNESS 
MOV.T. PER CON. 
Y. MOD.
P0ISS0N°S RATIO 
M.TH PLY 2
k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k  
k  ’ k
*  STRESSES ON THE OUTER SURFACE OF *
*  OF CONVOLUTION CROWN *
*  *
k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k k
Theoretical Parametric
Angular Tangential Meridional Tangential Meridional
Positions membrane bending membrane bendi ng
stresses stresses stresses stresses
(Deg.) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm)
0.00 81.3872 -241.4509 81.4600 -247.4382
10.00 80.0291 -240.2559 80.1006 -246.2450
20.00 76.0105 -236.7040 76.0785 -242.6986
30.00 69.4960 -230.8939 69.5581 -236.8974
40.00 60.7481 -222.9877 60.8025 -229.0036
50.00 50.1122 -213.2081 50.1570 -219.2392
60.00 37.9959 -201.8326 38.0299 -207.8817
70.00 24.8468 -189.1883 24.8691 -195.2575
80.00 11.1293 -175.6435 11.1392 -181.7345
90.00 -2.6977 -161.5987 -2.7001 -167.7124
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* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
*  *
*  STRESSES ON THE OUTER SURFACE OF *
*  OF CONVOLUTION ANNULUS *
*  *
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
Theoretical Parametric
Annular Tangential Meridional Tangential Meridional
Positions membrane bending membrane bending
stresses stresses stresses stresses
( mm ) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm)
0.00 -2.6977 -161.5987 -2.7001 -167.7124
1.27 -2.7326 -131.3574 -2.7351 -137.5209
2.54 -2.7690 -100.7462 -2.7714 -106.9611
3.81 -2.8067 -69.7505 -2.8092 -76.0186
5.08 -2.8460 -38.3548 -2.8486 -44.6779
6.35 -2.8869 -6.5429 -2.8895 -12.9229
7.62 -2.9295 25.7024 -2.9322 19.2636
8.89 -2.9739 58.3993 -2.9766 51.8996
10.16 -3.0202 91.5669 -3.0229 85.0042
11.43 -3.0685 125.2255 -3.0713 118.5976
12.70 -3.1190 159.3966 -3.1218 152.7011
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
*  *
*  STRESSES ON THE OUTER SURFACE OF *
*  OF CONVOLUTION ROOT *
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
Theoretical Parametric
Angular Tangential Meridional Tangential Meridional
Positions membrane bending membrane bending
stresses stresses stresses stresses
(Deg.) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm) (N/Sq.mm)
0.00 -2.6977 159.3968 -2.7001 152.7013
10.00 -16.5148 173.2047 -16.5296 166.4815
20.00 -29.6014 186.6761 -29.6279 179.9258
30.00 -41.6021 199.3917 -41.6393 192.6155
40.00 -52.2171 210.9486 -52.2638 204.1486
50.00 -61.2031 220.9742 -61.2579 214.1536
60.00 -68.3719 229.1408 -68.4330 222.3033
70.00 -73.5848 235.1778 -73.6507 228.3278
80.00 -76.7485 238.8833 -76.8171 232.0256
90.00 -77.8088 240.1326 -77.8784 233.2722
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4 .3 .2 Relationship between boundary forces
and geometric parameters in a convolution
under internal pressure
In Chapter 2 i t  was stated that and can be approximated 
by the following expressions
This means that the only formulation needed is for Mq . Accordingly, 
the tables presented here show the variation of MQ with the 
convolutions.' geometric parameters. In this variational study, the 
applied interal pressure is 0.250 N/Sq.mm and the e lastic  properties 
used are the same as those used in section 4 .3 .1 ,  being E = 200 000 
N/Sq.mm and v = 0.30. As is to be expected, the variation with the 
thickness of the convolution is negligible and has, therefore not 
been pressented here. I t  was not, at f i r s t ,  thought necessary to 
present this section in this form with a ll  the tables, but once i t  
was realised that this offered a means of checking the accuracy of 
the quadrature formula (Simpson's rule) used in the numerical 
computation of the stresses and deflections, i t  was decided to 
produce the following tables and graphs. I t  is possible to contend 
that one parameter w ill  be adequate for the purpose of the proof but 
the others have been presented because the nature of the computer 
programs SAMBA1 and SAMBA2 is such that a common input format is
Ho p[(D. + 2w )2 -  D2] / (D j + 2w)
V0 = -P b c (24ab)
page 159
used. This means that, with the exception of Table 12, a l l  the 
other parameters examined in section 4.3.1 were also examined here.
Table 13. Variation of M© with D;
due to internal pressure
(w = q = 22.0mm, n = 1, t  = 0.50mm).
Di Mo
(mm) (N.mmrmm)
100.0 -7.47
150.0 -8.62
200.0 -9.29
250.0 -9.74
300.0 -10.05
350.0 -10.28
400.0 -10.46
450.0 -10.61
• Table 14. Variation of Ma with q 
due to internal pressure 
(D = 150.0mm, w =22.0mm 
n = 1, t  = 0.50mm).
q Mo
(mm) (N.mmimm)
12.0 -6.92
14.0 -7.14
16.0 -7.42
18.0 -7.76
20.0 -8.16
22.0 -8.62
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Table 15. Variation of M with w
due to internal pressure 
(Df = 150.0mm, q = 12.0mm, 
n = 1, t  = 0.50mm).
w
(mm)
12.0
14.0
16.0 
18.0 
20.0  
22.0
-3.05
-3.72
-4.45
-5.23
-6.06
-6.92
Figure 16 shows the meridional bending moment is approximately 
zero at the boundary between the crown and the annulus. This
represents a phase lag of the dimensional variable s behind the
corresponding bending moment of about 2.50°. The error this
aproximation represnts w ill  be presented at la te r  stage. Thus when
combined with equations 24ab, fi.gure 16 yields ( for D* >> w ) : -
or
Mo p b - (H - V )b c o o c (27)
Figure 32 shows a comparison of the theoretical and parametric 
bending stresses in the prototype bellows used in the experimental
work, in Chapter 3.
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4 .4 Design procedure for bellows convolution
A format for assessing the preformance characteristics of a 
convolution has been produced and is presented in this section. I t
is worth pointing out that a ll  the formulae have been derived in
this thesis, with the exception of the formulae for the fatigue l i f e
expectancy, which is a combination of the EJMA formula for l i f e
expectancy and the total stresses obtained from this study, and the 
l im it ing  design pressure. The la t te r  is also a combination of EJMA 
and the axial spring rate derived in this thesis.
I t  should be noted that the ply thickness row refers to 
thickness data appropriate to the class of bellows. By class, i t  is 
meant a l l  bellows formed with the same manufacturing technique.
Hydraulically formed bellows tend to be thinnest at the crown while, 
as Part I of Appendix C shows, Mandril formed bellows tend to be
very thin at the root in comparison to other parts of the
convolution. The prototype 150 mm nominal bore bellows used in this  
study belong to the la t te r  class. Another class of bellows in the 
U-Shaped convolution range is the Drum formed type. This class of 
bellows covers those whose nominal bores are greater than 300 mm. 
These tend to be thinnest at the crown and may not undergo any
thinning at the root. Clearly, the amount of thinning depends on 
the method of production and may also depend on the operator of the 
class' production machines, though to a much lesser extent.
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Moreover, in m ulti-ply convolutions, the ply that suffers the most
thinning is the ply in direct contact with the forming too l. Thus
the outermost plies of the Hydraulic and Mandril classes and the
innermost ply of the Drum class of convolutions are expected to
suffer the most thinning. For this reason, the design procedure i
presented here has been, for two groups. The f i r s t  procedure .s
concerns the Mandril class to which the bellows whose thinning data
has been presented in Appendix C belongs. The second procedure
covers the Hydraulic and Drum formed classes of bellows which have
su ffic ien tly  similar thinning distributions. S tr ic t ly  speaking, the
Hydraulic bellows' root w il l  undergo greater thinning than the root
of the Drum type due to the inward pre -ro lls  necessary in the
manufacture of the Hydraulic bellows. I t  w il l  be noticed also, that
no separate geometry has been requested for the Hydraulic and Drum
classes. This omission follows-from Table 12 which shows that the
fix ing  forces are re la tive ly  invariant with the position of the
plies m.
Note also that the endurance; l im it  of the material of the 
convolution has been shown to require ambient and operating 
temperature values. The Young's modulus of e la s t ic ity  changes only 
marginally with temperature, therefore i ts  ambient value should be 
used while the value corresponding to the bellows' operating 
temperatures should only be used on borderline cases.
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Lastly, the formulae for the movement stresses have been 
presented for axial movements only. To obtain the stresses 
corresponding to other types of movements such as angular and 
la tera l movements, the expected movements w il l  need to be converted 
to th e ir  axial equivalents by an appropriate method. Only then can 
the formulae be used to estimate the stresses due to these other 
types of movement. Through a similar procedure, the spring rates 
corresponding to the other types of movements can be obtained from 
the axial spring ra te .
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Design procedure fo r U-Shaped bellows
Axis of bellows.
Bellows Dimensions 
D
w =
q
No. of plies n =
T. ( i=1, 2, ... ,n )
= ) j
Movement per Con. A = 
Material of bellows:-
Mechanical properties of material 
Young's modulus of elasticity 
Endurance limit at ambient temperature 
Endurance limit at operating temperature
Convolution geometry 
P = T , + t 2 + — + Tn =
a! = 0.5( D + p ) + q/4 =
ac = aj + w - G.5q =
b  = q/4
bo = 0.5( p. - Tn ) + q/4. = 
bj = 0.5q - bc 
h = vv - 0.5q =
r = 
s
a + b c
= ( T* + T |  + ... + )/w 2
IT  _
ELA = 
ELT =
mm
mm
mm
mm
mm
N/Sq.mm
N/Sq.mm
N/Sq.mm
mm
mm
mm
mm
mm
mm
mm
mm
Sq. mm
Bellows end thrust due to internal pressure p 
P = 7T p [(D + 2w)2 -  iD 2 ] = N
MANDRIL
Stresses due to axial movement in root
Hq = 0.067 E AC£/w ) 2 - 6  = = N/mm
M = - H (fc>0  + r i/2 ) = = N.mm/mm
Tangential membrane stress:-
DST = Hq (aj - bjJ/Cbj Tn) = = N/Sq.mrn
Meridional bending stress ( DSM )
DSH = b.[ bc(ac + ib c) + ac h - £h2  + b}(a| -  £b.).]/(a. -  bp
DSiVi = 6 [ M0 (ac + bc)/(a, - bp + HQ DSH ]/T 2
Meridional bending stress due to external or internal
pressure p in root (PSM)
MH = b(a + ^b) + a h - ^h 2  + b(a. - ^b)C O I
MP = b2 (ac + ^b) + acbh + ^(ac - b)h2  - sh3  
+ 2 b2 (a. - J b) + b(b + h)(aj -  £b)
PSM = 5[ M r + Hq MH - V MV - p.MP ] /  [ p2(aj - b) ]
Sq. mm
N/Sq.mm
Sq.mm
mm3
MV = b(ac + 4  b) = = Sq.mm
N/Sq.mm
where HQ = p[(D + 2w ) 2  - D2]/(D + 2w) -  N/mm
V = - pb = -  N/mmo K
M = pb - (H - V )b = N.mm/mm0 0 0
page 168
DRUM & HYDRAULIC
Stresses due to axial movement in crown
HQ = 0.067 E A O y w )2*6 * ■ = N/mm
MQ = - Hq (bQ + n/2) = = N.mm/mm
DST = HQr/(bc T^) = = N/Sq.mm
DSM = 6  MQ/T 2  = = N/Sq.mm "
Meridional bending stress due to external or internal 
pressure p in root (PSM)
Hq = p[ (D + 2w) 2  - D2  ]/(D + 2w)
Fatigue life  expectancy
ELT 
ELAN = [(4884 *|rx)/(DSM + PSM)]1*’21*
Column stab ility  lim iting design pressure for N convolutions:-
N/mm
Vq = - pb = = - N/mm
M = pb - (H - VQ)b = = N.mm/mm
PSM = 6  MQ/p 2  = = N/Sq.mm
MECHANICAL STRENGTH OF BELLOWS
Axial spring rate per convolution:-
F = 0.42 E r s = = N/mmb
Axial spring rate for N convolutions:-
a = F /N  = = N/mm
w
Cycles
Ps = Fg/(qN2) = = N/Sq.mm
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4 .4 .1 Limitations of design formulae
In studying the variation in stresses with the salient 
geometric parameters, care was taken to ensure that the general 
assumptions made in Chapter 2 were kept to. This has been made 
possible because most commercial bellows behave, generally, l ike  
shells of revolution.
I t  hoped that engineers and designers w ill  exercise care in 
the choice of the characteristic dimensions w and q when using the 
formulae given in this thesis in assessing the s u ita b i l i ty  of a 
convolution under the combination of loads. In choosing the 
dimensions w and q, i t  is recommended that the ratio  of q to w does 
not exceed unity. I f ,  as is sometimes necessary, this l im it ing  
ra tio  of q to w must be exceeded, then any results obtained through 
the application of derived formulae must also be supported by test  
results.
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Chapter 5.
General discussion, recommendations and conclusion
In Chapter 2, section 2.2, i t  was argued that in order to avoid 
evaluating in f in i te  values at the boundary between the annul us and 
the crown, i t  may be necessary to select the ranges of the 
independent meridional variable $ which prevents this problem in 
both regions. This would then have meant a virtual extension of the 
annulus to include the portions of the crown- and root not included 
by o. The parametric formulae of equations 24ab,25,26 and 27 do not 
contain fractions of 71 which forms the range of This means that 
the proposed v irtual extension of the annulus would have been ju st  
as accurate as the procedure used in this thesis. In other words, 
the U-shaped convolution is far less sensitive to changes in the 
shape of the crown and root than was thought to be the case.
This thesis has dealt with the behaviour of the m ulti-p ly  
convolution in a way that has never been done before. By th is , i t  
is not meant that a l l  the previous works are of no value. On the 
contrary, the previous works covered in the l i te ra tu re  survey formed 
the basis of the work in this thesis. The energy method f i r s t  used 
by Dahl was chosen here because i t  offered a ready means of studying
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individual effects of the governing dimensions of the convolutions. 
In addition, the energy approach coupled with experience gained 
while working with bellows (single-ply and multi-ply) has made i t  
possible to iden tify  and explain the behaviour of the m ulti-p ly  
bellows when under both axi-symmetric load and internal pressure.
From this study, i t  has been shown that multi-ply bellows of 3 
plies say, w il l  behave in a sim ilar manner to 3 individual bellows 
a ll  having the dimensions of the corresponding ply in the multi-ply  
system and connected to the host pipe system in p a ra lle l .  Only in 
the case of internal pressure does the m ulti-ply bellows display a 
unique characteris tic , making i t  d ifferent -to most other pressure 
vessels. This was not expected when the study began since bellows 
have always been regarded and treated l ik e  a ll conventional pressure 
vessels where membrane stresses can be and are often considerable. 
This la te r  consideration changed the emphasis at a very la te  stage 
in this work, from the e ffec t of the membrane stresses, in 
particu lar the membrane component, to the pure bending deformation 
of the convolution under internal pressure. This is probably the 
reason why no bellows have been known to fa i l  in hoop under internal 
pressure loading. The Xerox copy of the photograph taken of a burst 
test in Appendix C helps to c la r i fy  th is . I t  shows the progressive 
'ROLL' deformation until fu l l  squirm is reached. At this point, the 
convolution begins to lose its  U shape. The convolutions eventually 
merge to form an almost perfect Omega bellows with a single torus
whence membrane deformation becomes e ffec tive , as this then provides 
the minimum energy of deformation and the Omega bellows bursts.
Commercially available bellows are a ll  expected to follow the 
behaviour revealed in this study when subjected to internal 
pressure, with the possible exception of single convolution bellows, 
whose behaviour may be similar to that of Omega bellows where 
memebrane stresses due to internal pressure need to be considered. 
Since most bellows have at least 3 convolutions, the 'ROLL' 
deformation behaviour w ill  apply to most U-shaped bellows. The 
behaviour of the m ulti-p ly bellows under axi-symmetric loads w i l l  be 
generally true for a l l  bellows whether single-ply or multi-p-ly. 
There are two interesting major commercial implications. F i rs t ly ,  
bellows designers have, hitherto , considered the tangential stresses 
due to internal pressure loading in the convolution to the extent 
that they often form the basis for the manufacturer declining from a 
potential order at the enquiry stage. On the evidence from this  
study, i t  is clear that only the bending stresses need be considered 
when the bellows is under internal pressure loading. I t  should be 
noted that a complete assessment would need the membrane as well as 
bending stresses due to deflections. However, as presented in 
Chapter 4 section 4 .3 , in estimating the fatigue l i f e  of the 
convoltuion, only the meridional bending stresses due to the 
combined effects of end movement and internal pressure need to be 
considered. The second main benefit of this study, is that in
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assessing a bellows un it, almost a l l  the technical information can 
be obtained with a hand held electronic calculator and elaborate 
computer analysis may not then be necessary. A poss ib ility  for 
future research is to take a new look at the s ta b il i ty  of of bellows 
under internal pressure in the l ig h t  of more accurate mathematical 
modelling.
I t  is often the practice of some manufacturers to o ffe r , within  
the lim its  of th e ir  test experience, mixed-thickness-ply bellows 
with the be lie f  that this provides the compromise between the
conflic ting needs of f l e x ib i l i t y  on the one hand and the necessary 
strength under pressure on the other. This study has shown that the 
flexural stresses are proportional to the power of the ply thickness 
in the general sense as shown in equation 25. Thus in a
mixed-thickness-ply bellows such as that used in the experimental 
work in this study, the thicker ply, which is usually found
outermost, w ill  f a i l  before the others. Under internal pressure, 
however, i t  is the total thickness of the plies which determines the 
pressure stresses. Therefore, there is no benefit on these two 
performance c r i te r ia  in using the mixed-thickness-ply bellows 
leaving the increase in the column s ta b i l i ty  ( or squirm ) as the 
only benefit. Often, the question of s ta b il i ty  under internal
pressure is more important and the externally pressurised bellows 
are employed where the compensatory requirements permit th e ir  use. 
In the event this remedy not being suitable, then the optimum use of
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available forming tools may be such that a better bellows unit is 
possible through a combination of thicknesses. On this point, the 
use of mixed-thickness-ply bellows shoud be readily employed.
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Recommendation fo r  fu r th e r  research in  bellows design
I t  is generally acknowledged by bellows manufacturers and most 
bellows' users that not enough Knowledge is available in bellows 
application. Most of the recent works in bellows have been in the 
area of design. This last section of the thesis, therefore, w ill  
c ite  and discuss the most pressing jobs which have been iden tif ied
on enquiry from manufacturers, with suggested approach to solution
in each case. I t  must be said that these manufacturers have current 
methods of solutions which are quite elaborate and often so
expensive that this factor alone often course them to decTine
possible orders at the enquiry stages.
The research areas identified  in the cause of this study 
include the fo i l  owing
(1) Limiting la te ra l s ta b il i ty  of double bellows under internal 
pressure.
(2) Thermal stresses in composite cylinders - mild steel 
flanges carying internal stainless steel bellows tangents and 
sleeves.
(3) Bellows anchorage problems - restraints and restra in t  
carriage systems.
(4) Bellows manufacture.
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(1) Lim iting la te ra l  s t a b i l i t y  of double bellows
The current f i f t h  edition of EJMA standards gives the design 
c r i te r ia  for assessing the s ta b i l i ty  of bellows under internal 
pressure. In the suggested EJMA method, no account is taken of any 
eccentric loading in the column mode. This renders the EJMA 
approach inappropriate when the bellows accomodates la tera l  
movement. While this is not of particu lar concern in single bellows 
which are designed for use in the axial mode, i t  is inappropriate 
for bellows in angular or la te ra l o ffset applications. The problem 
of a solution becomes even more acute in double bellows which are 
normally designed for la te ra l offset applications. I t  is genera-lly 
recognised that a l im it ing  pressure exists for bellows used in the 
angular and offset modes similar to that for the axial mode which is 
readily predictable by the EJMA method, but a viable solution is 
currently lacking.
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(2) Thermal stresses in composite cylinders with
special reference to mild steel flanges 
with stainless steel internal flanges
M etallic  composite assemblies are inevitable in bellows 
applications due to the following two considerations:
(a) The bellows material has to remain serviceable throughout 
the guaranteed l i f e  while, invariably, carrying corrosive 
media.
(b) Bellows end connections may, for economic reasons, be made 
from mild s te e l.
C learly, therfore, in addition to thermal stresses due to 
temperature gradients there w il l  be stresses due to the thermal 
expansion. The problem is particu larly  acute in bellows insta lled  
in exhaust receivers which feed hot exhaust gases to turbochargers 
in diesel engines. Here, induced vibrations coupled with already 
c r it ic a l  thermal stresses have been known to be the cause of 
extensive and often very expensive damage to the whole engine. 
Various attempts have been made to solve this problem of thermal 
stresses in composite arrangements without success. These efforts  
are known to be unreliable and to bear l i t t l e  relationship to the 
evident fact that under the same thermal conditions, premature 
fa ilu re  would be predicted i f  any mechanical vibration were 
superimposed on the already thermally overstressed components.
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Experience in the use of bellows in exhaust application proves the 
contrary.
A valid approach w il l  need extensive experimentation on small 
models of prototype composite arrangements as used in bellows 
applications. The rather lim ited approach presented in EJMA has 
proved inadequate in assessing the s u ita b i l i ty  of the composite 
assembly. A theoretical development on the deformation of a 
circular plate under the possible thermal gradient is required 
alongside the free growth of the stainless steel sleeve. A boundary 
value solution should then be sought from the compatibility of 
boundary deformation possibly through the -application of fin-ite  
difference techniques.
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(3) Bellows anchorage problems
This is e ffec tive ly  a look into the e ffec t of the deformation 
of bellows anchorage systems on the vacuum s ta b il i ty  of bellows. 
Many bellows units have been known to f a i l  under fu l l  vacuum, which 
corresponds to 1 atmosphere of external pressure, when a ll  the 
design characteristics seem to indicate otherwise.
Pipe ends used for carrying anchorage and bellows attachments 
may undergo permanent deformation due to the combined effects of 
anchorage loads and creep in the material of the pipe end. I f  the 
bellows were insta lled  in a steam lin e ,  the whole system might then 
be subjected to vacuum pressure and collapse of the bellows may then 
follow. I t  is generally acknowledged that this problem needs urgent 
attention and current practice is to overdesign the section to 
minimise the deformation of the of the pipe end, and sometimes the 
bellows f le x ib i l i t y  is compromised by its  being made thicker for  
higher than necessary pressure rating in an attempt to cater for the 
unpredictable e ffec t of combined anchorage load and vacuum.
A possible approach to a solution is to design an experimental 
model to back up a stepwise theoretical annalysis.
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(4) Bellows manufacture
Bellows expansion jo in ts  are essentially safety devices, a fact  
that cannot be over emphasised but which is somtimes not considered 
at the design stage as piping engineers and designers have often 
called for the use of bellows a fte r  the whole plant is designed and 
constructed. As a result, there is often inadequate accomodation 
for the appropriate bellows and in these circumstances the choice of 
bellows is compromised and may then be quite disproportionately 
costly. Moreover, as a pipe f i t t in g ,  bellows are the most expensive 
single item, weight for weight, in a pipeline. The major part of 
this cost arises from the special methods of manufacture which 3 re 
currently mainly manual in nature. Design and manufacture of 
bellows require considerable expertise in engineering, the cost of 
which the manufacturers are not expected to charge to the quoted 
cost of the bellows units. Not the least circumstance, of course, 
is the fact that there are at least four major bellows manufacturers 
in the U.K. alone and this provides a fie rce ly  competitive f ie ld .  
I t  is ,  therfore, the view that bellows manufacturers must be 
prepared to exploit the poss ib ilit ies  available in the N.C. 
machines for the manufacture of bellows.
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APPENDIX A
E.J.M .A. Analysis o f a 3-inch Bellows
The following is an analysis of a 3-inch bellows expansion jo in t  as used in 
Lestingi's work [1 ] .  All figures apply to both the two-ply and the single- 
ply versions unless where the figures shown in parenthesis re fer only to the 
single-ply while the others re fer only to the two-ply bellows.
Inside diameter ( ^ j = 74.09 mm
Depth of convolution (w) = 7.9375 mm
Width of convolution (q) = 5.440 mm
Number of plies (n) = 2 O )
Thickness of ply (t). = -0.180 mm (0.360 mm}
Young's modulus of E las tic ity (E) = 2 x 105 N/sq.mm
Temperature factor (T .F .) = 1.0
Outside diameter of bellows tangent d = d.j + 2nt = 74.81 mm
Mean diameter of bellows convolution, dp = d + w = 82.75 mm
Outside diameter of bellows convolution d = d + w = 90.685 mm
w r
Theoretical thinned thickness of convolution
t  = t (d /d pp  = 0.171 mm (0.3423 mm)
The values of t  used is 0.180 and (0.360) being the average recorded in
re f .  26.
Geometric Ratios:- q/sw = 0.34, 2.2 d„t = 0.66 (0.46)
r r
Force Ratios:- Cp = 0.72 (0 .7 6 ) , Cf  = 1.38 0 - 4 5 ) ,  Cd = 1 .55 (1 .49)
Stresses due to internal pressure (p) = 0.2069 N/sq.mm
Tangential membrane stress
Meridional membrane stress
53 = = 2.3 N/sq.mm
P
Meridional bending stress
2
54 = ■£ ^  Cp = 80.24 N/sq.mm (42.3 N/sq.mm)
Stresses due to axial displacement over one convolution of 
e = 0.1524 mm
Meridional membrane stress due to e 
Et 2eSc = p = 0.65 N/sq.mm (2.46 N/sq.mm)
32w Cf
Meridional bending stress due to e
6 — i f — -  88.95 N/sq.mm (185.23 N/sq.mm)
3w Cd
Total alternating stress fo r  fatigue l i f e  estimate
S j = 0.7 (S3 + S^) + Sg + Sg = 147.4N/sq.mm (218.96 N/sq.mm)
Estimated fatigue cycle l i f e
N = -4-9^ i - T--F- = 3.043 x 106 cycles (5.68 x 105 cycles)
c T
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Mechanical properties of Bellows:-
Spring rate per convolution
F . I .U .  = 1.7 d E -  = 475.5 Nmra (1810.2 Nmm)p w Cr. . '
Limiting design pressure based on column in s ta b i l i ty  of Bellows
p = OJttFJLU. = 82 .4N/Sq.mm (3.316 N/sq.mm) 
s qN
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APPENDIX B
Determination o f 90° Rosette S tra in  Gauge Cross S e n s itiv ity
Consider a uni-axial strain f ie ld .  I f  a linear gauge was mounted para lle l  
to the strain f ie ld  d irection , the change in resistance AR is d ire c t ly  
proportional to the s tra in s  as (Suffices a and t  refer to axial and 
transverse quantities respectively)
where S3 and S. are the axial and transverse gauge facts respectively
cl X
and K. = S ./Sa is the cross sens itiv ity  coeffic ient. Gauge- factor
X X a
£. = -v e . substituting for e. in equation (1) and using S_ = AR/R, t a t g a
i t  can be shown that
Now le t  e and e be strains in a plane strain f ie ld .  Also l e t e n be a x  a
the measured s tra in . Then the following can be written for the gauge 
mounted paralle l to th ee^  direction in the strain f i e ld : -
or,
( i )
supplied by manufacturers S is usually based on a stress f ie ld  where
( 2 )
(3)
Substituting for S„ from equation (2) and solving fo r  I  givesg
(4)
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For a pair of 90° rosette strain gauges the strain measured by the gauge 
element in the transverse direction in the plane strain f ie ld  w il l  be given 
s im ilarly  as:-
Sg et  = Sa ( et  + Kt ea^
Solving equations (3) and (5) for  ea gives:-
ea = V " a  -  KA ) / San  -  Kt 2)
Substituting for S from equation (2) gives 
y
1 -  vK.
^  '    7 7  A  '  KA> ^
1 " Kt
S im ilarly ,
1 -  vK* „
Et = 7777  (£t '  KA> W
Equations ( 6 ) and (7) thus relate the state of strain in the plane strain  
f ie ld  and strains measured by the 90° rosette gauges. I f  the value of
is not supplied by the manufacturer, then i ts  value may be determined by
mounting the pair of 90° rosette pair on a straight bar a x ia l ly  loaded sc 
that e .  = -v _. Equations ( 6) and (7) may then be combined to g ive:-L a
e + = V " Kt  e .  ( 8 )
*  3
Thus i f  sets of measured strains from the rosette pair are plotted, the 
graph w il l  be a stra ight line  whose slope yields the value of for  the 
gauges.
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appendix c "
Collected Laboratory Test Data
PART I : Variation of ply thick in a prototype bellows
Vokes Drg. No:-  CB7004/4/3/88
Yokes report No:- Met. 447.80/Micros No. E471,2,394 95,6
30'
13-
14--
15-
16-
17-
18
20
Figure 1. Schematic diagram of h a lf  convolution showing theickness 
measurement points.
Convolution dimensions
Inside diameter:- 113.8 mm
Depth:- 14.3 mm
Width:- 10.3 mm
No. of p l ie s :-  3
Norn, thickness of p l ie s :-  0.5588 mm
Measured Percentage Thinning
Ref. Points 8 9 10 11 13 14 17 18 19 20 21
Inner Ply 
Micros No 
471 8.8 11 . 1. 9.7 6.3 2.1 0.7 4.4 1.4 3,2 10.0 16.7
472 10.1 13.3 16.3 6.4 0.5 3.9 6.0 2.3 5.3 11.2 16.1
473 10.3 .11.9 13.4 4.4 0 2.9 5.1 1.4 5.1 11.1 14.8
474 8.3 11.8 14.1 9.3 0 0 4.4 3.2 2.1 8.1 14.0
475 8.8 10.4 13.0 7.6 0.7 0 4.4 2.6 3.7 9.3 13.7
476 9.3 11.8 13.0 5.1 0.7 0 4.4 2.6 3.7 9.3 13.7
Average 9.3 11.7 12.6 6.4 0.4 0.7 4.5 2.5 3.9 9.5 14.5
Middle Ply 
Micros No. 
471 7.5 8.0 7.5 3.1 0 2.6 1.2 0.7 8.0 21.3 26.5
472 6.8 8.0 6.8 3.1 1.9 2.6 1.9 1.2 10.6 21.6 25.4
473 7.5 8.4 9.2 3.5 2.6 3.6 0.7 3.8 12.4 21.6 23.5
474 7.4 6.2 ■7.1 4.1 0 1.2 1.7 0.5 4.1 14.8 23.2
475 7.4 8.1 9.3 4.6 1.4 3.2 2.5 2.5 11.1 21.5 25.7
476 7.4 8.8 7.4 4.4 1.4 3.2 2.5 2.5 11.1 21.5 25.7
Average 7.4 8.3 7.2 3.6 1.6 3.0 2.0 1.7 10.6 21.5 25.6
Outer Ply
Micros No.
471 5.9 6.6 2.0 2.9 1.8 1.4 0.7 5.4 23.1 36.7 33.5
472 5.9 5.4 5.0 1.4 1.8 1.8 0.7 7.7 26.9 34.6 33.3
473 6.5 6.3 6.0 3.2 2.1 2.3 0.7 11.1 28.2 33.6 31.7
474 5.4 3.7 3.7 1.4 1.4 2.1 0.7 3.1 14.6 30.8 30.8
475 3.7 4.1 4.1 1.8 0.5 0.5 0 5.2 22.9 33.7 31.2
476 4.1 4.1 3.3 1.6 0.5 0.5 0 5.2 22.9 33.7 31.2
PART II: Burst test on bellows under internal pressure
The prints of photographs taken during a pressure burst test on 
a bellows in Vokes laboratory are presented in this part of the 
Appendix.
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Appendix D 
SIMPSON'S RULE 
Simpson's rule is a numerical integration technique which is based 
on the use of arcs to approximate f(;0 instead of straight lines 
employed as the interpolation polynomials with the trapezoidal rule.
It can be derived directly from the Taylor series expansion approach. 
Consider the following Taylor series expansion about Xj:-
l(Xj + A>4 = l(Xj +1) = l(X j) + ( A^f(X j) + ^ V ( X j) + ^ ’ f 'fX j)
+ + ♦ ^ V ( x . )
+ 0( Ax) 7 ( 1 )
and |(x -Axl = l{x. _ J  = l(x. )  -  (A ))f(x .) + ^ - )2f '(x .) -  )
J J * J J £ - J 0>  J
+' ^ %f^Sf,V(xj > + ii r GfV(xj )
+ 0( Ax ) 7 * (2)
Substracting (2) from (1) yields
!(Xj+1) -  l(xj_1) = 2(Ax)f(x.) + ^ 3f"(x.) + ^ 5f ,V(Xj) + e(Ax)7
(3)
Using central difference representation f" (Xj) may be expressed as
f(x j+1) - 2f(x.) + f(x. ,) . . . *
f" (x.) = . J-----------1 -U  - f |V(X|) + 0(Ax) (4)
(Ax)
Inserting (4) into (3) and collecting terms yield
I(XJ+1> - ^ j - l )  '  T t  f<xH > *  4f(Xj) + f(xj+1) ] -  > ( x . )
+ 0( Ax) 7  (5)
But l(xJ+-j) - l(Xj_-j) form the area of the two panels between x  ^ 1 
x. y  Equation (5) is called SIMPSON'S RULE for two panels.
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In order to obtain the integral over the interval a ^ x ^ b, 
i t  is necessary to add the results of (5) fo r all pairs of panels in 
the interval. Thus if
D. = K x j+ 1 ) -  l(xH )
then
I = V  Dj = D 1 .+ D 2 + ... + D n 3  + D n_1 (6)
J= 1
] Odd
Note that this requires that the number of panels n must be even.
Summing (6 ) fo r all pairs of panels yields
I = ■ ■ ! * [  f(a) + 4f(a+Ax) + 2f(a+2Ax) + 4f(a+3Ax) + ... + 2f(b-2Ax)
+' 4 f(b- x) + f(b) ] -  V  f ,v(Xj) + ^ ( i x )
j odd
(1)
. n- 1  n- 2
or, I = ( f .  + f n + 4 Z f, + 2 Z f.) (8 )
o n j= 1  j = 2  1
j odd j even
The dominant error term is given by
(Ax) 5 nI 1 f iv, x . .
es = " 90 f (xj} (S)
j odd
Equation (8 ) is SIMPSON'S RULE for entire interval. It is a FOURTH 
ORDER method. Since the geometric interpretation of the method involves 
the use of parabolic arcs to approximate f(x), it  is interesting to note that 
as terms involving f'"(x ) have councelled out of equation (9), .the technique 
is exact fo r cubics. Simpson's rule is suffic iently accurate fo r most 
engineering purposes, and in automatic computation with d ig ita l computers 
it  is prefered to more complicated formulae of higher precision, which are 
obtained by the use of approximating polynomials of higher degree.
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A p p l ic a t io n  o f  B e llo w s  E xp ans ion  J o in ts  as T h erm a l 
Com pensators in  P ip in g  F)p--M>n
APPENDIX E
SYNOPSIS B e llo w s  E xp an s io n  j o i n t s  a re  b e in g  used in c r e a s in g ly  to  accom odate th e rm a l movement and 
m is a lig n m e n t in  p ip e w o rk , o f te n  w ith o u t  any u n d e rs ta n d in g  o f  th e  b a s is  f o r  s e le c t in g  b e llo w s  j o i n t s  
as a g a in s t  th e  t r a d i t i o n n l  e x p a n s io n  lo o p .  The p re s e n t pap er c o n s id e rs  a m odel o f  p a r t  o f  an 
e n g in e  e x h a u s t s y s te m , u . ih  and w ith o u t  com pen satin g  b e llo w s  expan s io n  j o i n t s .
NOTATION
In d u ced  h o r iz o n t a l  com ponent o f  fo r c e s  
due to  th e rm a l e x p a n s io n  
In d u ced  v e r t i c a l  component o f  fo r c e s  
due to  th e rm a l e x p a n s io n  .
Ma  In d u c e d  b en d in g  momnent due to  th e rm a l
ex p a n s io n
RH ’ RV H o r iz o n t a l  and v e r t i c a l  com ponents o f
r e a c t io n  a t  f o o t  o f  P o r t a l  fram e model 
a ,  b P o s it io n s  o f  b e llo w s  in  P o r t a l  fram e
m odel
Hj>V j  H o r iz o n t a l  and v e r t i c a l  com ponents o f
n o d a l fo r c e s  in  3 -p in - a r c h  com pensated  
P o r ta l  fra m e  m odel 
Wj,A /2 B end ing  moments due to  b e llo w s  ang u la ­
t io n
M0 B end ing  moment a t  fo o t  o f  P o r t a l  fram e
m odel
L , £ A r b i t r a r y  d im en s io n s  o f  P o r t a l  fram e
m odel
I t  i  Second moments o f  a re a  o f  P o r t a l  fram e
e le m e n ts  
T P.ise in  te m p e ra tu re
a  C o e f f i c ie n t  o f  th e rm a l exp a n s io n
A C r o s s -s e c t io n a l  a re a  o f  e x h a u s t h ead er
and r e c e iv e r  
E Y o u n g 's  m odulus o f  e l a s t i c i t y
1 INTRODUCTION
When th e  te m p e ra tu re  o f  a body ch an g es , i t s  
volum e and hence i t s  c h a r a c t e r is t i c  d im ens io ns  
chan ge . In  some cases  t h i s  can be a d v a n ta g eo u s , 
as  when te m p e ra tu re  change i s  em ployed to  a c h ie v e  
i n t e r f e r e n c e  f i t  betw een  two c o n c e n tr ic  c y l i n ­
d e r s .  G e n e r a l ly ,  h o w e v e r, th e  e x p a n s io n  and 
c o n t r a c t io n  o f  p ip e w o rk  and v e s s e ls  w ith  change  
i n  te m p e ra tu re  i s  an e f f e c t  w h ich  has to  be 
com pensated in  th e  d e s ig n  o f  equ ipm ent i n ,  f o r  
e xam p le , s t e e l  w o rk s , c h e m ic a l p la n ts  and h e a t  
e n g in e s , w here te m p e ra tu re  changes may be c o n s id ­
e r a b le .  In  a d d i t io n ,  h o t  f l u i d s  f r e q u e n t ly  
have to  be moved fro m  one p o in t  to  a n o th e r ,  
c r e a t in g  a need to  a l lo w  f o r  e x p a n s io n  and con­
t r a c t i o n  o f  th e  p ip e w o rk  c a r r y in g  th e  f l u i d .
E n g in e e rs  and d e s ig n e rs  have o f te n  had d i f f ­
i c u l t i e s  i n  d e c id in g  w h e th e r to  make use o f  
b e llo w s  o r  o th e r  m ethods such as e x p a n s io n  loo ps  
to  com pensate f o r  such th e rm a l m ovem ent. Many 
c o n s id e r a t io n s ,  such as p ip e  f l e x i b i l i t y ,  a v a i l ­
a b le  s p a c e , econom y, e t c .  have t o ,  be ta k e n  in t o  
a c c o u n t.
F o r i l l u s t r a t i o n ,  th e  exam ple o f  th e  P o r t a l  
fram e model a rran g em en t ( F i g .  1 ) ,  as commonly 
used in  e n g in e  exhau st m a n ifo ld s , i s  d is c u s s e d  
h ere  to  show th e  in a d eq u acy  o f  s t i f f  p ip in g  
sys tem s. The s e c t io n  beyond th e  p ip e  b re a k  i s  
assumed to  e x e r t  no lo a d s  on th e  p ip e  system  
in  t h is  i d e a l i z a t i o n .
2 ANALYSIS OF A PORTAL FRAME MODEL*FOR 
IN-PLANE THERMAL FORCES
T ak in g  o n ly  th e  r e le v a n t  in - p la n e  com ponents o f  
th e  g e n e ra liz e d  fo rc e s  and ta k in g  a d v a n ta g e  o f  
th e  symm etry o f  th e  P o r t a l  f ra m e , th e  f r e e  body  
d iag ram  o f  th e  id e a l iz e d  m odel i s  shown i n  F i g . 2 ,
E q u i l ib r iu m  o f  th e  fo r c e s  in  th e  h a l f  
P o r t a l  fram e  g iv e s :
RV *  ^ot = ^ 
r H + Ha  = 0
Mq + Ma  f  -  VaL /2  = 0 ( l a c )
The o th e r  r e la t io n s  a r e  found  th ro u g h  th e  
a p p l ic a t io n  o f  energy  m ethods. Thus th e  r e l e v ­
a n t  term s in  th e  energy  e q u a tio n  a re  shown in  
th e  fo l lo w in g  T a b le  1 .
T a b le  1 Energy e q u a tio n  term s
Member Moment dM/dMa 2M/dHa 2ndo f
moment
a re a
AB “ ^ax 1 0 I
BC -  FaL /2  + y 2
The symm etry o f  th e  P o r t a l  fra m e  g iv e s  th e  
fo l lo w in g :
( 1 )  The r o t a t io n  due to  A/a  o f  th e  p la n e  
s e c t io n  a t  A i s  z e ro  w ith  re s p e c t  
to  C.
( 2 )  The d is p la c e m e n t due to  I I  i n  th e  d i r ­
e c t io n  o f  //a  a t  p o in t  B w i th  r e s p e c t  
to  C i s  A// = qlL T / 2 -  IIaL / ( 2 A E )  .
A p p ly in g  th e s e  c o n d it io n s  o f  sym m etry y i e l d s :
dU/ZM = W / W a  = 0 
i . e .  Na ( I . / 2  + I )  -  Va ( L 2/ 8  + 1 / 2 )  + Hal 2/ 2 = 0 
Ha ( l 2/ E I  + L / A E ) / 2 -  Ma!L/EI  = aL T /2  ( 2 a b )
S in c e  th e  ex p a n s io n  in  th e  d i r e c t i o n  o f  Ka  
i s  u n r e s t r ic t e d ,  i t  fo l lo w s  t h a t  Ry = Va = 0 .  
T hu s, s o lv in g  e q u a tio n s  2ab y ie ld s
w here
and
Ha = N/D
Ma  = - N l 2/{2DOL + L / 2 ) }  
N = a TEiL
( 3 a b )
i L
W
The te r m in a l  fo r c e s  a t  th e  fo o t  o f  th e  h a l f  
P o r t a l  fram e  a r e  th u s  found  fro m  e q u a tio n s  
( l a c )  so t h a t :
RII = ~ua (4 a )
The v a lu e  o f  M0 i s  th e  te r m in a l  v a lu e  o f  M
when y  = £ ,  i . e .
M0 = Ma + Hai (4b):
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The fo r c e s  on th e  e x h a u s t p o r t  a re  - R^ and -MQ 
f o r  th e  s h e a r fo r c e  and ben d in g  moment re s p e c t ­
i v e l y .  When b e llo w s  e x p a n s io n  j o i n t s  a re  emp­
lo y e d  to  ta k e  up th e  th e rm a l m ovem ents, i t  i s  
an a c c e p ta b le  d e s ig n  p r a c t ic e  to  ig n o r e  th e  
s m a ll f i n i t e  d e f le c t io n s  o f  the . h o s t p ip e  
s t r u c t u r a l  system  and e s t im a te  th e  fo r c e s  in  th e  
h o s t system  due to  th e  in d u ced  b e llo w s  movement. 
Suppose th e  P o r t a l  fram e  c o n s id e re d  above had 
been d es ig n e d  w ith  th e  e x p e c ted  use o f  th e  v e ry  
e f f i c i e n t  3 -p in - a r c h  s y s tem . A 3 -p in - a r c h  
system  o f  e x p a n s io n  j o i n t s  accom odates th e rm a l 
movements by th e  a n g u la t io n  o f  3 h in g e  p in s  so 
p o s it io n e d  as to  com pensate f o r  any movements in  
th e  p la n e  o f  th e  h in g e s . Then th e  mode o f  d e f ­
o rm a tio n  o f  th e  P o r t a l  fram e  w i l l  be as shown in  
F ig .  3 .  One o f  th e  a t t r a c t io n s  o f  th e  3 - p i n -  
a rc h  system  i s  th e  f a c t  t h a t  i t  c o m p le te ly  
c o n ta in s  th e n  b e llo w s  p re s s u re  t h r u s t  w hich  can  
som etim es be h ig h e r  th a n  th e  th e rm a l s tre s s e s  
w hich  would r e s u l t  in  th e  absence o f  b e llo w s .  
C o n s id e r in g  th e  deform ed P o r t a l  fra m e  i t  can be 
shown t h a t  th e  a n g u la r  movements o f  th e  p in s  in  
th e  a rra n g e m e n t may be d e te rm in e d  in  th e  f o l lo w ­
in g  w ay. N o te  t h a t  t h i s  p ro c e d u re  w i l l  o n ly  
a p p ly  i n  cases  w here th e  m a n ifo ld  r e c e iv e r  o r  
h ea d e r i s  n o t r e s t r a in e d .
a '  = L(1 + 
b '  i  1 (1  + 
c '  = [ ( a ’ ) 2
a T ) / 2  
v.T) /2  
+ ( b 1) 2] 1/ 2
Then th e  a n g u la r  d is p la c e m e n t o f  th e  b e llo w s  i s  
g iv e n  as  fo l lo w s :
$ 1  = tan ~ l  ( a 1 / b * )  + cos~^ ( L / 2 c ' )  -  t t /2
^2 *  2<t>2 ( 5 a b ) .
I t  can be shown t h a t  th e re  i s  an optimum  
r a t i o  o f  6 to  A f o r  a g iv e n  3 -p in - a r c h  a r ra n g e ­
ment and e x p e r t  a d v ic e  i s  a v a i l a b le  on t h i s .
The c o rre s p o n d in g  fo r c e s  th e n  depend on th e  
b en d in g  s t i f f n e s s  o f  th e  b e llo w s  p ro v id e d  th ese  
a r e  n o t  n e a r ly  as  s t i f f  as th e  h o s t p ip e  system  
s e c t io n  betw een b e llo w s . I f  t h i s  i s  th e  case  
th e  fo r c e s  f o r  th e  3 -p in - a r c h  com pensated P o r ta l  
fra m e  ( F i g .  3 )  a re  as shown in  F ig .  4 .
To f in d  th e  fo r c e s ,  use i s  made o f  th e  
e x is t in g  sym m etry so t h a t  e le m e n ts  ( 1 )  and ( 2 )  
a r e  s u f f i c i e n t  i n  re p re s e n t in g  th e  f r e e  body o f  
th e  P o r t a l  f ra m e . S in c e  th e  th r e e  b e llo w s  w i l l  
be r e s t r a in e d  f o r  a n g u la r  movement th ro u g h  th e  
use o f  h in g e s , b en d in g  moments a re  .gen e ra ted
a t  th e  b e llo w s  w hich a re  p r o p o r t io n a l  to  th e  
a n g u la t io n  and a n g u la r  s p r in g  r a t e  a t  each  
b e llo w s  u n i t  as fo l lo w s :
A/j = M i
m2 = M 2 ( 6 a b ) ,
The d i r e c t  fo r c e s  a re  d e te rm in e d  th ro u g h  
th e  bending  e q u i l ib r iu m  o f  fo r c e s  and th e  f a c t  
t h a t ,  s in c e  th e  moments a r e  e n t i r e l y  g e n e ra te d  
by th e  a n g u la t io n  o f  th e  b e llo w s , th e  r o t a t io n  
betw een th e  ends o f  e le m e n t ( 2 )  i s  z e r o .  These  
two c r i t e r i a  r e s p e c t iv e ly  g iv e :
M2 + Wj + Hjb -  Vja = 0
<? a b )
V,  .1 a
S o lv in g  (7ab )  y ie ld s :
+ !Ll'bjfb_ a) 
i  a ' \ 2 i  I )
Hj  = (Vi a  -  -  M2) / b  (8ab)
and th e  moment e q u i l ib r iu m  o f  e le m e n t ( 1 )  g iv e s :
M0 = M2 -  H j ( l  -  b)  ( 8 c )
4 DISCUSSION AND CONCLUSION
I t  i s  custom ary in  any s tu d y  o f  t h i s  n a tu r e  to  
use n u m e ric a l exam ples t o .d is c u s s ’ th e  a d v a n ta g e s  
and d is a d v a n ta g e s  o f  th e  two m ethods o f  d es ig n -r  
in g  th e  R e c ta l fram e so t h a t  th e  fo r c e s  a t  th e  
f e e t  o f  th e  fram e a re  re d u ced  to  a c c e p ta b le  
l e v e l s .  In  t h is  c o n n e c t io n , assume t h a t  th e  
d es ig n  o f  th e  h o s t system  ( e . g .  a  d ie s e l  e n g in e )  
re q u ir e s  th e  d im ens ions  o f  th e  e q u iv a le n t  un­
com pensated P o r t a l  fram e m odel to  be as  shown in  
F ig .  5 a . The 200 mm le n g th  i s  t h a t  o f  a  s ta n d ­
a rd  m ild  s t e e l  80  mm n o m in a l b o re  p ip e  w h i le  
th e  300  mm le n g th  i s  t h a t  o f  s ta n d a rd  m ild  
s t e e l  150 mm n om in a l b ore  p ip e .  Assume a ls o  
t h a t  th e  te m p e ra tu re  o f  th e  i d e a l i z e d  m odel i s  
4 0 0 °C . On th e  b a s is  o f  th e s e  a s s u m p tio n s  th e  
c r o s s -s e c t io n s  o f  th e  p ip e s  a r e  as  shown in  
T a b le  2 .
T a b le  2 C ro s s -s e c t io n s  o f  p ip e s
N o m in al s iz e
80 mm 150  mm
O u ts id e  d iam . (mm) 8 8 .9 1 6 8 .3
W a ll th ic k n e s s  (mm) . 3 .6 5 .0
Now, a t  4 0 0 °C , th e  th e rm a l e x p a n s io n  
c o e f f ic ie n t '* '  T = 5 .1 4 * 1 0 - 3 and th e  Y oung ’ s 
m odulus o f  e l a s t i c i t y  f o r  m ild  s t e e l  i s  E = 
1 9 0 ,0 0 0  N/mm2. The c r o s s -s e c t io n s  g iv e  A =
2565* mm^, I  =  8 ,5 5 8 ,4 5 6  mm  ^ and i  =  8 7 8 ,9 8 7  mm^, 
On th e  b a s is  o f  th e s e  d a ta ,  e q u a t io n s  ( 3ab )  and 
( 4ab)  g iv e  Rfj and MQ as  1 9 1 ,3 1 6 .6  N and  
- 2 7 ,3 3 1 ,0 0 0  N*mm r e s p e c t iv e ly .  The d e fo rm a t io n  
o f  th e  3 -p in -a r c h  com pensated m odel g iv e s  
<h = 0 .3 °  and <j>2 = 0 . 6 ° .  I f  Vokes SH 759  and  
SH 765 b e llo w s  [ 1 ]  a re  used f o r  p o s i t io n s  ( 1 )  
and ( 2 )  r e s p e c t iv e ly ,  th e n  th e  maximum a n g u la r  
s p r in g  r a t e s  a re  02 = 1 3 ,5 0 1  N*mm/deg and 
0 2 = 4 5 ,7 9 3  N*m m /deg. These maximum s p r in g  
r a te s  corresp on d  to  th e  minimum number o f  con­
v o lu t io n s  p o s s ib le  f o r  th e  80  mm and 150 mm
The f ig u r e  f o r  a T  r e f e r s  to  an i n s t a l l a t i o n  
te m p e ra tu re  • o f  ,20°G .
n o m in a l b o re  p ip e s  o f  8 and 10 c o n v o lu tio n s  
r e s p e c t iv e ly .  In  a d d i t io n ,  th e  h in g e -p in  a x is ,  
w hich  d e te rm in e s  th e  p o s it io n  o f  th e  a n g u la t io n  
in  th e  80 mm p ip e ,  needs to  be a t  50  mm fro m  
th e  f o o t  o f  th e  P o r t a l  fram e  as shown in  F ig .
5 b . T h u s , e q u a tio n s  (6a£») g iv e  A/j = 4 .0 5 0  N*mm 
and M2  =  27 476  N*mm. S u b s t i tu t in g  f o r  Mj  and 
M2  and n e g le c t in g  th e  change in  d im ens io ns  a ,b 
and d ia m e te rs  i n  e q u a tio n s  (8 a b )  y ie ld s  Vj  r=
434 N and Hj  =  224 N and M0 =  -7 1 5 6  N.mm.
C om paring th e  fo r c e s  o b ta in e d  in  th e  p re ­
c e d in g  p a ra g ra p h  shows t h a t ,  i n  t h is  a p p l ic a ­
t i o n ,  th e  use o f  b e llo w s  re d u c e s  th e rm a l fo r c e s  
q u i t e  c o n s id e r a b ly .  In  p e rc e n ta g e  te rm s , th e  
com pensated m odel g iv e s  th e  v a lu e  o f  th e  c r i t ­
i c a l  ben d in g  moment A/ w hich i s  o n ly  ab o u t 0 .3%  
w h ile  Hj  i s  o n ly  0 .01%  o f  th e  c o rre s p o n d in g  
v a lu e  f o r  th e  uncom pensated m o d el. T h is  i s  a 
f a c t  t h a t  i s  w e l l  known am ongst p ip in g  e n g in ­
e e r s .  What i s  p ro b a b ly  n o t known, b u t whose 
im p l ic a t io n s  c o u ld  be v e ry  b e n e f i c i a l ,  i s  what 
happens to  th e  fo r c e s  when a b e llo w s  . i s  u sed . 
T h is  le s s - e v id e n t  a d v a n ta g e  comes fro m  an exam­
in a t io n  o f  th e  v a lu e s  o f  th e  r e a c t io n  Vj in  th e  
two m o d els . W h ile  F j i s  z e ro  in  th e  uncompen­
s a te d  m o d el, i t s  v a lu e  i s  434  N in  th e  compen­
s a te d  m o d el. What has happened i s  t h a t  th e  use  
o f  th e  3 - p in - a r c h  system  o f  b e llo w s  has r e s u lte d  
in  a r e d i s t r i b u t i o n  o f  th e  fo r c e s  r e s u l t in g  from  
th e rm a l e x p a n s io n . I t  i s  n o t e x p e c ted  t h a t  a t  
t h i s  te m p e ra tu re  o f  400°C  any o th e r  methods 
w ould be c o n s id e re d  a p a r t  fro m  th e  use o f  b e l l ­
ows, b u t th e  p lo t  in  F ig .  6 has been produced  
to  p ro v id e  a  means o f  d e te rm in in g  th e  re q u ir e d  
le n g th  o f  80  mm p ip e  n e c e s s a ry  f o r  d i f f e r e n t  
l e v e ls  o f  Rfj and M0 w here b e llo w s  a re  n o t u sed .
A lth o u g h  i t  i s  p o s s ib le  to  use such g raphs  
to  o b ta in  th e  n ec e s s a ry  v a lu e  o f  Z w hich  would  
re d u c e  and Ma to  an a c c e p ta b le  l e v e l ,  such a 
v a lu e  o f  I  on t h i s  o c c a s io n  w ould be too  h ig h  to  
be p r a c t i c a l l y  r e a l i s t i c
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